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Introduction
The aim of this Master thesis is the study of the superfluid properties in nuclear
matter in general, especially in what concerns very neutron rich systems such
as “exotic” nuclei, infinite nuclear matter and neutron stars which, in a certain
sense, can be thought as “giant nuclei”.
Superfluidity in nuclear matter is due to the pairing of nucleons which is similar
to what happens in metals when superconductivity occurs thanks to the forma-
tion of the Cooper pairs of electrons. An experimental evidence of the pairing in
nuclei is, for example, the odd-even staggering effect, namely the nuclei having
an even number of nucleons are more stable than those having an odd one. In
neutron stars, the pairing interaction influences the cooling time of the inner
crust and the “glitches”, that is the observed sudden change in the rotation
period of these stars.
So, our aim is to investigate the properties of the pairing interaction which ac-
counts for superfluidity and to find an interaction which is as realistic as possible
and better fits to the already existing experimental data.
The thesis is structured in four Chapters, each one being dedicated to a partic-
ular subject, as we will better specify in what follows.
In Chapter 1, we give a brief description of neutron stars which represent the
final stage evolution of massive stars and, as the name says, they are mainly
made of neutrons. The masses of these stars are of the order of the solar one,
but their radii are of the order of 10 km and thus their densities are comparable
and greater than the nuclei saturation density. They are compact objects and
we need to use the theory of general relativity to describe their structure. This
was done by Tolman, Oppenheimer and Volkoff (TOV) who solved the Einstein
equation (for non rotating spherical symmetric mass distribution) and obtained
the relativistic hydrostatic equilibrium equations. Once we have the equation
of state (EoS), namely the behavior of the pressure with density, we can solve
the structure of the star and so obtain the profile of the mass (M), density
(ρ) and pressure (P ) all along the star. We use two different equations of state:
the Friedman-Panharipande-Skyrme (FPS) and Skyrme-Lyon (SLy) EoS. These
EoS describe the nucleon-nucleon interaction and belong to the so called “ef-
fective” interactions, whose parameters are chosen in order to reproduce some
properties of the infinite nuclear matter and finite nuclei. We solve these equa-
tions using the Runge-Kutta method and thus obtain the M , P and ρ profiles
and see the differences between the two EoS. We also calculate the maximum
mass that the neutron star can have for each EoS and we find that the one given
by the SLy4 EoS is grater than the one given by the FPS EoS. The knowledge
of the maximum allowed massMmax of neutron stars is very important, since it
represents the boundary between two different classes of compact stars: neutron
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stars (M ≤ Mmax) and black holes (M > Mmax). Anyway, in this work, we
especially focus on the study of the superfluid properties in the inner crust of
neutron stars due to the pairing of the unbound neutrons whose distribution
in the crust is given bey the Negele and Vautherin model, but first we see (in
the second Chapter) how is the pairing interaction studied in nuclei and infinite
nuclear matter.
In Chapter 2, we study some nuclei and the infinite nuclear matter in the mean
field approximation of the non relativistic quantum many-body problem. In
these approximations, nucleons in nuclei are supposed to move in a mean field
they themselves create. We use the Hartree-Fock (HF) and the Hartree-Fock-
Bogoliubov (HFB) approximations to describe finite nuclei and the Bardeen-
Cooper-Schrieffer (BCS) approximation, which is a particular case of the HFB
theory, to describe infinite nuclear matter and the inner crust of the neutron
stars where there is also a gas of unbound superfluid neutrons which can be ap-
proximated with infinite nuclear matter made of neutrons. The HF, HFB and
BCS work well in that concerns the reproduction of ground state or static prop-
erties of the mean and heavy mass nuclei, but they fail to reproduce the dynamic
properties concerning the excited states. The description of the dynamic prop-
erties of nuclei is done using, for example, the Quasi-particle-Random-Phase-
Approximation (QRPA) theory.
The HF approximation describes well the closed-shell nuclei, such as the 16O,
but it fails to describe nuclei where the pairing correlations among nucleons
become important and these correlations are taken into account in the HFB
approximation. We use the Skyrme-Lyon 4 (SLy4) “phenomenological” and
“effective” zero-range interaction to describe the nucleon-nucleon interaction
inside nuclei. The term “effective” refers to the difficulties that are encountered
while describing the nucleon-nucleon interaction inside nuclei, since it becomes
repulsive at short distance, and the term “phenomenological” means that the
parameters of the interaction are adjusted to reproduce some properties of both
the infinite nuclear matter and finite nuclei.
At first, we perform some HF calculation using the SLy4 interaction for the
16O and the 68Ni. We reproduce well some known properties, such as the radii
and the binding energies. Then, in order to better understand the pairing in-
teraction, we perform HFB calculations concerning the tin isotopes 124Sn and
136Sn. We focus on these nuclei since the 124Sn is stable and has already been
experimentally studied, while the 136Sn is very neutron rich and thus pairing
correlations are supposed to have a great importance (this nucleus has not yet
been experimentally studied). So, apart from the SLy4 interaction, we put in
the hamiltonian describing these nuclei a paring interaction. We use differ-
ent paring interactions which belong to the so called “density-dependent-delta-
interactions” (DDDI), which, as the name says, depend on the nucleonic density,
are local interactions and, according to their dependence on the density, they
can be “isoscalar” or “isovector”. The parameters of the DDDI are fitted once
again in order to reproduce some properties of infinite nuclear matter and nu-
clei. For example, we use two DDDI pairing interactions, the “surface” (which
is peaked at the surface of the nucleus) and the “mixed” (which is located in
a broad region inside the nucleus) ones, whose parameters are chosen so that
we can reproduce the two-neutron separation energies in the tin isotopes. In
particular, we focus on the pairing gap among neutrons and thus, we calculate
it for each kind of interaction and for each nucleus to see the differences among
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the different pairing interactions. In the case of the stable 124Sn, all the DDDI
give a mean neutron pairing gap which reproduces well the experimental one,
while in the case of the exotic 136Sn, there are important differences among the
mean neutron pairing gap values given by the different DDDI. In particular,
the “surface” interaction gives a quite high pairing gap compared to the other
DDDI. We also calculate the pairing gap in infinite symmetric (same fraction
of protons and neutrons), asymmetric and pure neutron infinite nuclear matter
in the BCS theory and for each of the considered DDDI. In this case too, we
see that the “surface” interaction gives a very high mean pairing gap compared
to the other interactions. As we have already said, we use the information ob-
tained in the case of the pure neutron infinite matter to calculate the pairing
gap also in the inner crust of neutron stars where the gas of unbound neutrons
in the crust is described by the Negele and Vautherin model and we see, once
again, how does the pairing gap given by the different DDDI vary along the
crust. As expected, the pairing gap due to the “surface” interaction is peaked
in a more narrow region compared to the other interactions, while the “mixed”
one is located in a more broad region inside the crust of the star.
After having seen the behavior of the pairing gap in nuclei and infinite matter,
we perform Local Density Approximation (LDA) calculations over the isotopic
chain of the tin nuclei where the number of neutrons is varied from 44 to 110.
The LDA, as the name says, consists in locally approximating the nuclei with
infinite nuclear matter and thus it tells us how accurate are we when we use the
information obtained from finite nuclei to describe infinite nuclear matter and
vice versa. The better or worse agreement between LDA and HFB calculations
depends, as expected, both on the considered nucleus and pairing interaction.
In particular, we see that the LDA works better for the mid-shell nuclei (far
from nuclei having a magic number of neutrons) and that in general the worse
agreement between HFB and LDA is obtained in the case of the “surface” in-
teraction.
Until now, we have seen, from a theoretical point of view, how does the pairing
gap varies in different nuclear systems in connection with which kind of pairing
interaction we consider, but, as we know, the final tests that physical theories
have to pass are observations and experiments: to this is dedicated the third
Chapter.
In Chapter 3, we give a brief description of the experimental methodologies and
setups which are used to investigate the pairing properties and in particular we
refer to an experiment which took place at the Grand Acce´le´rateur National
d’Ions Lourds1 (GANIL) located in Caen (France). In this experiment the 69Ni
is studied and we give just a very brief summary of it, since it goes beyond the
aim of this work. Anyway, the methodology used in this experiment is the same
as the one used to explore the pairing interaction with exotic beams. In particu-
lar, we give a brief description of the heavy and light particle detectors, such as
the MUST2 detector. The pairing interaction properties can be experimentally
explored performing direct transfer reactions using exotic beams in inverse kine-
matics. The term “direct reaction” means that the passage from the initial to
the final state of the reaction is done in one or few steps and proceeds in a short
time, while the term “inverse kinematics” means that the exotic beam (e.g. tin
isotopes) is used as projectile and stable nuclei (e.g. protons) as targets. There-
1Great Heavy Ion National Accelerator
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fore, we can study the pairing interaction performing, for example, two-neutron
transfer reactions, where a couple of neutrons is transferred from the projectile
to the target (or vice versa), but, before performing nuclear transfer reaction
experiments, we need theoretical arguments concerning the reactions of interest
and this is the subject of Chapter 4.
In Chapter 4, we study from a theoretical point of view the following two neu-
tron transfer reactions: 124Sn(p,t)122Sn and 136Sn(p,t)134Sn. We choose these
reactions since the first one has already been experimentally studied and thus
it allows us to compare our theoretical results with the already existing data;
while, the second one is studied since the pairing correlations are supposed to
have a very important role in the very neutron rich 136Sn nucleus. We notice
that the 136Sn(p,t)134Sn reaction has not yet been experimentally investigated.
Cross section measurements of transfer reactions allow us to compare theoret-
ical and experimental results concerning the pairing interaction. We therefore
calculate theoretical cross sections for each of the considered pairing interac-
tions. The theoretical cross-section of the nuclear reaction is described in the
one-step zero-range Distored-Wave- Born-Approximation (DWBA) theory and
we use global optical phenomenological potentials both in the entrance and in
the exit channels of the reaction. The form factors of the reactions are provided
by the QRPA theory and we use them us inputs for our calculations. Note
that the information concerning the pairing interaction is contained in the form
factors, since there is a different form factor for each of the different pairing
interactions. In particular, we focus only on the “surface” and the “mixed”
pairing interactions and consider, for each kind of the (p,t) reactions, both the
transition from the ground state (gs) of the initial nucleus (for example, 124Sn)
to the gs of the final nucleus (for example, 122Sn) and the transition from the
gs to the first excited 0+ state (gs→0+2 ). We vary the energy of the incident
proton (Ep) from 10 MeV to 35 MeV, to see which should be the energy of the
eventual beam to use in the experiments to constrain the pairing interaction.
So, varying Ep from 10 MeV to 35 MeV, we calculate the differential cross sec-
tions for the two reactions of interest, for each pairing interaction and for the
two transitions (gs→gs and gs→0+2 ). The code we use (DWUCK4 2) does not
provide normalized cross sections (CS) and thus we can not provide absolute
cross sections. For this reason we calculate the ratios of the absolute CS of the
considered transitions, namely CSgs→gs/CSgs→0+2 . Experimental data for the
reaction 124Sn(p,t)122Sn already exist for the transition gs→gs ( at Ep = 20
MeV) and for the transition gs→0+2 (at Ep = 34.9 MeV) and we compare our
theoretical results to them. Our theoretical cross sections well reproduce the
shapes and the diffraction minima of the differential cross sections in both cases.
On the contrary, our cross section ratios are not in good agreement with the ex-
perimental ones. This is due to the fact that, at Ep = 20 MeV, our calculations
are very dependent on the Q of the reaction, since it is very negative and, in this
case, the energy of the beam is not high enough so that we can reliably compare
our theoretical cross section with the experimental ones. In what concerns the
136Sn(p,t)134Sn, we do not have experimental data to compare our theoretical
results with, but we find that we can disentangle among the different pairing
interactions just considering the shape of our cross sections, as it happens, for
example, in the case of the transition gs→0+2 and at Ep = 15 MeV. In this
2Distorted Waves University of Colorado Kunz 4
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case, at Ep = 10 MeV, analogously to what happens for the 124Sn(p,t)122Sn at
Ep = 20 MeV, our theoretical cross sections are not reliable once again because
of the Q of the reaction which is not high enough. Anyway, at higher energies
we do not have this problem and we show that we can experimentally disentan-
gle between the “surface” and the “mixed” interactions only for Ep values at
around 15 MeV. This result is very important, since nowadays facilities produce
exotic beams whose energies are not higher than 15 MeV and the very next
future facilities, such as the SPIRAL2, will study transfer reactions with the tin
isotopes and thus will help us to shed more light on the pairing interaction and
all the properties which depend on it, such as the cooling time of neutron stars,
nuclear structure...
8
Chapter 1
Physical properties of
neutron stars
1.1 Introduction
We present a general introduction to the neutron stars, whose properties are
inferred from observations and theoretical models [1,5,6,7].
The term neutron star refers to an object having a mass M ' 1.5M (M =
1.99× 1033 g is the mass of the Sun) and a radius R of about 10 km. Neutron
stars are among the most dense objects in the universe with a mean density
ρ¯ = 3M/4piR3 ' 7 × 1014 g/cm3, that is ρ¯ ' 2.5ρ0, where ρ0 = 2.66 × 1014
g/cm3 is the saturation density of nuclei. These compact objects are mainly
made of neutrons (and thus the name) which can be either bound in nuclei
or be unbound and so make a neutron gas. Neutron star matter has, among
others, even a small percentage of protons (∼ 1% at ρ = ρ0) and enough leptons
(electrons and muons) to neutralize the matter. Besides their density, neutron
stars may have other extraordinary physical properties such as magnetic fields
in excess of 1015 G (magnetars), opaqueness to neutrinos, superfluidity and
superconductivity with critical temperature near 1010 K.
1.2 The formation of neutron stars
The time evolution of a star depends on its mass. Stars like our Sun are in
hydrostatic equilibrium (they do not explode or implode) mostly thanks to the
fusion reactions of H in He which release energy and create a thermal gradient
pressure which balances the gravitational one. However, the mass of the Sun is
not high enough to allow the fusion of heavier elements to occur and, at the end
of its evolution, it will be a white dwarf where the pressure due to degenerate
electrons will avoid the structure from collapsing. The more a star is massive, the
more fusion reactions can occur and, for stars which have a massM > 8M, this
happens until iron is formed. At this stage of its evolution, the star has an onion
skin structure with iron (heaviest element) in the center and more and more light
elements as we go towards the surface. Since iron is the most stable element in
the universe, fusion reactions involving iron can not occur as exothermic ones
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and this means that there is no more fuel provided by this kind of reactions.
So, once the Chandrasekhar mass limit is reached (MCh ∼ 1.457M, for an
electron fraction Ye = 0.51), not even the Pauli pressure due to the degenerate
electrons is enough to counterbalance gravitation and the iron core undergoes a
free-fall gravitational collapse. As the density increases, electrons are captured
by protons in nuclei through the β-inverse reactions (e− + p → n + νe) and,
so, matter becomes more and more neutron rich. In such a way, β inverse
reactions help gravitational collapse, since they destroy electrons contributing
to the Pauli pressure. Collapsing continues until the nuclear saturation density
ρ0 = 2.66 × 1014 g/cm3 is reached. At this density, nuclei are completely
dissociated and matter is mostly made of neutrons. Neutrons interact together
through the strong nuclear interaction and, from now on, this force is what
mainly counteracts gravity. This opposition to gravitation triggers the formation
of a shock wave at the core outer edge. If this wave is sufficiently energetic, it
expels the external layers of the star with an explosion (this phenomenon is
known as supernova of type II (SNII)) and the extremely dense matter that
remains could be a proto-neutron star or a black hole, depending on its mass; in
fact, neutron stars have both minimum Mmin and maximum Mmax mass limits
(the former one is about 0.1M and the latter one lies in the range (1.5−3)M)
and if the “ball” has a mass greater than Mmax, it can not exist in hydrostatic
equilibrium and nothing can stop the structure from collapsing and becoming a
black hole.
1.3 Observational properties of neutron stars
In 1932, James Chadwick discovered the neutron and 35 years later Jocelyn Bell
discovered the first “Pulsating Radio Source” or “pulsar”. Pulsar is called a ro-
tating neutron star and its rotational axis is not aligned with the very intense
magnetic field lines which determine the direction of the emitted electromag-
netic beam, which, in turn, characterizes the pulses that are detected (Fig.1.1).
Thanks to these pulses, we can measure the rotation periods of pulsars, which
lie in the range (10−3 − 10) s. Neutron stars can be isolated (50% of them) or
belong to a binary system. Binary systems made of a pulsar, whose companion
is a compact object (white dwarf, neutron star or another pulsar), are called
“binary pulsars”, while those made of a neutron star (that may even be an
accreting neutron star) and a non compact companion, for example massive B
type stars, are called “X-binary” systems.
Masses The masses of neutron stars are mostly obtained from timing obser-
vations of binary radio pulsars. The total mass of the binary system can be
estimated thanks to the Doppler shift effect and to the Shapiro delay relativis-
tic effect. Typical neutron star measured masses are of about 1.2− 1.5M and
it seems that they do not excess 2.5M.
Surface temperatures and radii The surface temperatures of neutron stars
are obtained from their energy spectra, which approximate the black body ones,
and radii are consequently obtained using the Stefan-Boltzmann law:
1In general, we have MCh = 1.457(Ye/0.5)
2M.
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Figure 1.1: Left: X-Ray Wide Field View of a neutron star situated in the Crab
Nebula. [Chandra X-Ray Observatory]. Right: model of a rotating neutron star
(pulsar).
F∞ =
L∞
4pid2
= σBT 4s,∞
R2∞
d2
, (1.1)
where σB = 5.67 × 10−5 erg/cm2K4s is the Stefan-Boltzmann constant, d is
the neutron star distance from Earth, F∞ and L∞ are its observed flux and
luminosity respectively.
Typical values of Ts,∞ are found to lie in the range (105 − 106) K, which give
radii of about (8− 15) km.
So, observational data say us that typical neutron stars are objects which have
a mass of about 1.4M contained in a 10 km radius “sphere”. This means that
they are among the most compact and relativistic objects in the universe. In
fact, the “degree of relativity” of an object, with gravitational energy Egrav,
can be estimated by the compactness or relativistic parameter Ξ defined as:
Ξ ≡ GM
c2R
∼ |Egrav|
Mc2
∼ RS
R
, (1.2)
where RS := 2GM/c2 is called the Schwarzschild radius. Thus, for a typical
neutron star Ξ ∼ 0.2, which is huge if compared to whose of the most familiar
objects (see Tab.1.1), and the gravitational field of neutron stars can not but
be described by using general relativity. Notice that, since a neutron star is
a relativistic object, F∞, L∞ and Ts,∞ are red-shifted from the neutron star
surface. Namely, the real surface temperature (Ts), radius (R) and flux (F ) are
related to what we measure by the following relations:
Ts,∞ = Ts/(1 + z)2, F∞ = F/(1 + z), R∞ = R(1 + z),
where z ≡ (1− 2GM/Rc2)− 1 denotes the redshift.
Glitches According to the magnetic dipole model for pulsars, these objects
are thought to be highly magnetized rotating neutron stars which radiate at the
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Earth Sun Neutron Star
age (years) 4.5×109 5×109 103 − 104
rotation period (s) 2.0×106 2.2×106 (10−3 − 10)
mass (kg) 5.9×1024 1.99×1030 3.98×1030
radius (m) 6.37×106 6.95×108 1.1×104
mean density (kg/m3) 5.4×103 1.4×103 5×1017
surface temperature (K) 2.87×102 5.8×103 105 − 106
central temperature (K) 5.77×103 1.5×107 109 − 1010
magnetic field (T) 4.8×10−2 10−2 − 10 1010 − 1013
relativisitc parameter (Ξ) 10−10 10−6 0.2
free-fall acceleration (m/s2) 9.8 2.76×102 1.5×1012
escape velocity (m/s) 11 ×103 617×103 2×108
Table 1.1: Comparison among the physical properties (measured or inferred) of
the Earth, the Sun and a standard neutron star.
expense of their rotational energy (see Fig.1.1). Therefore, their rotation period
increases with time and they rotate with such high precision that they compete
with the most sophisticated atomic clocks in Earth! However, their rotation
rate sometimes suddenly increases (∆ω/ω ' (10−9−10−5)), phenomenon called
“glitch”. Two successive “glitches” are usually observed in a few years. Nowa-
days, “glitches” are not completely understood, but the leading glitch model
(“vortex pinning”) involves momentum transfer from superfluid neutrons (be-
longing to the inner crust) to the core and to the outer crust of the neutron
star. Thus, it is very important to understand superfluid properties which allow
neutrons to flow without friction in the inner crust and core of neutron stars.
A part of Chapter 2 is dedicated to the description of superfluidity in the BCS
approximation.
1.4 Neutron star models
Thanks to the observational data and theoretical models concerning neutron
stars, we can say that a neutron star is made of an atmosphere and four main
regions: outer crust or envelope, inner crust, outer core and inner core (Fig.1.2).
1.4.1 Composition and structure of neutron stars
Atmosphere The atmosphere, such as the envelope, represents a very small
percentage of the total mass and it is very thin (of the order of centimeter),
because of the huge gravitational field, but it plays an extremely important role
in the photons and accelerated particles emerging from it, whose spectrum is
what we detect (Fig.1.1).
Outer crust This region extends from the atmosphere down to the layer
where the mass density ρ = ρdrip ∼ (4 − 6) × 1011 g/cm3 (ρdrip is the density
at which neutrons drip out of nuclei). It is a crystalline solid made of a body-
centered cubic lattice of iron 56Fe surrounded by a Fermi sea of electrons (at
12
Figure 1.2: Scheme of the different layers composing a neutron star (the exact
values of the thicknesses of the different layers depend on the theoretical model,
however they do not differ so much one from another).
ρ ∼ 107 g/cm3, the atoms are completely ionized and, as ρ increases (ρ ∼ 8×109
g/cm3), the electron capture becomes possible so that neutron rich nuclei, e.g.
82Ge and 118Kr, are created).
Inner crust This layer extends from ρ = ρdrip to ρ = ρ0/2. One of the
first investigations of the microscopic properties of the inner crust was done
by Negele and Vautherin in 1973 [13]. They described the inner crust matter
as if it was made of spherical independent cells (Wigner-Seitz approximation)
each of them containing N neutrons, Z protons and Z relativistic electrons.
They even supposed that the β (n−→p+e−+ ν¯e) and the β-inverse equilibrium
conditions are satisfied. So, by minimizing the total energy of such a system,
they found its equilibrium configuration. In Tab.1.2 and in Fig.1.3, we report
some of the results that they obtained. Looking at the Tab.1.2, we can see
that as the baryon density is increased, nuclei become more and more neutron
rich and at such densities neutrons escape or “drip” out of nuclei (that is the
energy required to remove a neutron from the sea of degenerate fermions equals
zero). In such a way, we have a Coulomb lattice of bound neutron and proton
clusters surrounded by a dilute neutron gas. Unbound neutrons may condense
and form a superfluid matter which influences the cooling time of the neutron
stars and which is thought to be responsible for the observed “glitches” in some
of these stars. As we can see in Fig.1.3, at the highest inner crust density values,
a completely uniform state is approached near the nuclear density and, at the
very bottom of the inner crust, nuclei are supposed to be in the so-called “pasta
phase”, since their shapes remember us of typical italian food such as spaghetti,
lasagne or swiss cheese rather than spheres!
13
N 104 160 210 280 460 900 1050 1300 1750 1460 950
Z 40 40 40 40 40 50 50 50 50 40 32
xp 0.53 0.53 0.53 0.53 0.52 0.46 0.45 0.44 0.35 0.28 0.16
nb/1035 (cm−3) 2.79 4.00 6.00 8.79 15.9 37.3 57.7 89.1 204 475 789
ρunbN /10
−5 4.00 9.70 26 48 120 300 470 780 1840 4360 7370
Table 1.2: Some physical parameters of a standard neutron star inner crust
according to the calculations of Negele and Vautherin [13]. The baryon density
is indicated by nb, while the quantities xp and ρunbN are the approximate ratio
of protons to neutrons in nuclei and the approximate density of the exterior
neutron gas respectively (they both are approximate, since they can not be defined
uniquely because of the density fluctuations).
Figure 1.3: Behavior of the proton and neutron density distributions which occur
along an axis joining the centers of two adjacent unit cells [13]. Notice that, as
the baryon density (nb) increases, the number of the unbound neutrons increases
too and the system becomes more and more homogeneous as we go towards the
core (the cells tend to disappear).
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Outer core The outer core goes from the bottom of the inner crust to the
layer where ρ ∼ (2 − 3)ρ0 and has a temperature of about 109 K. It consists
of a nuclear fluid made of neutrons (90%), protons, electrons and muons. The
pairing among neutrons (see Chap.2) could occur as well as among protons (in
the 1S0 or in the 3P2 channel). The former accounts for superfluidity and the
latter for superconductivity (see Fig.1.2).
Inner core This region identifies the central part of the most massive neutron
stars, where the mass density ρ can be as high as (5 − 10)ρ0 (the “lightest”
neutron stars do not reach these densities). Its composition is almost unknown.
Anyway, some models predict the existence of exotic particles such as hyperyons,
Bose-Einstein condensates of pions (n→ p+pi−) or not confined quark matter.
1.4.2 Equations of state of neutron stars
In what follows, the matter inside a cold (zero temperature 2) non-accreting
neutron star is supposed to be in thermodynamic equilibrium with respect to
strong and weak interactions. These conditions (the catalyzed matter hypothesis)
define the ground state of our system. We are interested in finding how the mass
(m), pressure (P ) and mass density (ρ) evolve all over the structure, once its
equation of state (the relation between P , which balances gravity, and ρ) is
known. We even suppose that:
1) neutron stars are static spherical non-rotating objects:
in fact, apart from milliseconds pulsars, the flattening due to the rotation of
neutron stars is not so important. If rotation is taken into account, of course,
the radius and the mass of neutron stars are greater than that of the static case,
but it is demonstrated [1] that mass increase, for example, is ≤ 20%. So, one
of our aims, that is finding the maximum mass of an hydrostatic neutron star,
can be achieved quite accurately even in the static hypothesis;
2) neutron stars are made of a perfect fluid:
this is a good approximation for the most part of the neutron star, even if it
is not valid for the crust which is solid (see 1.4.1), but the mass of the crust
(Mcr) is, in general, ≤ 2% of the total mass. To describe the structure of
neutron stars, we need to solve the Einstein equation which, under the above
hypothesis, leads to the following relativistic (Ξ ∼ 0.2) equations of hydrostatic
equilibrium (Tolman-Oppenheimer-Volkoff (TOV) system):
dm(r)
dr = 4pir
2ρ(r)
dP (r)
dr = −
(
ρ(r) + P (r)c2
)(
1− 2Gm(r)c2r
)−1 (
Gm(r)
r2 +
4piGrP (r)
c2
) (1.3)
where m(r) and P (r) are the mass and the pressure calculated at a radial
coordinate r from the center of the star respectively. Once the equation of state
P = P (ρ) is fixed, together with the boundary conditions, we can integrate the
TOV equations. So we choose the following boundary conditions:
2It is zero if compared to the Fermi one given by TF = h¯
2kF
2/2mkB , TF ∼ 40 MeV, 1
MeV ∼1010 K.
15
• P (r = 0) = P (ρc), ρc being the central density;
• m(r = 0) = 0, the center is thought as a massless point;
and the point where the pressure becomes zero, determines the radius R of the
neutron star. Before integrating numerically the TOV system, we actually de-
fined the following dimensionless variables: m˜(r) = m(r)/M, r˜ = r/RS and
P˜ = P/Pc, where RS = 2GM/c
2 is the Schwarzschild radius of the Sun. The
Schwarzschild radius RS(or gravitational radius) of an object of mass M rep-
resents the distance from the center of that object where the escape velocity
would equal the speed of light, if all the mass M of the object was compressed
within a sphere of radius RS . Pc = P (ρc) is the pressure at the center of the
neutron star and ρ = 3M/4pi(RS)
3. So the TOV system becomes:

dm˜
dr˜ =
3
ρ
ρr˜2
(m˜− r˜)dP˜dr˜ r˜ = ρc
2m˜
2Pc
(
1 + PcP˜ρc2
)(
1 + 3Pcρc2
P˜ r˜3
m˜
) (1.4)
and the new boundary conditions are: P˜ (r˜ = 0) = 1 and m˜(r˜ = 0) = 0.
Finding an equation of state (EoS) that describes nuclear interaction in neutron
stars as properly as possible is not an easy task, because the outer crust only
contains some nuclei which can be produced and/or studied in our laboratories
such as 56Fe or 86Kr. For the regions deeper than the outer crust, where ρ ≥
ρdrip, we can not have experimental data since, as we have already said, nuclei
are surrounded by a neutron gas and the only possible description of the EoS is
the theoretical one. The neutron star EoS we used are based on the model given
in [20] to describe nuclei and “pasta” shape nuclear structures in the outer and
inner crust respectively, according to which the total energy density of nucleons
in nuclei En can be written as:
En = Ebulk + Esurf + ECoul,
- Ebulk is the bulk contribution of nucleons;
- Esurf is the term which depends on the surface of nuclei;
- ECoul is the Coulombian term which depends on the number of protons.
To get the total energy Ecrust of the crust, we have to add to En the total
energy Ee of electrons which are supposed to form a uniform Fermi gas, so:
Ecrust = En + Ee.
As we have already said, the liquid core is supposed to be a uniform plasma of
neutrons (n), protons (p), leptons (e and µ) and, at densities ρ ≥ ρ0, strange
mesons and baryons could appear. However, because of the lack of a satisfactory
theory describing interaction among these particles, we will consider a core made
of an homogeneous npµe matter, whose energy density Ecore can be written as:
Ecore = E(nn, np) + E(ne) + E(nµ),
where ni is the number density of the particle i and the Coulomb interactions of
the leptons are not included, because they are negligible compared to their ki-
netic energy and so they are treated as free Fermi gases. The lepton and baryon
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(nb = nn + np) densities are connected by the following physical conditions:
- np = ne + nµ, charge neutrality
- µn = µp + µe and µe = µµ, equilibrium of npeµ matter with respect to
all weak interactions (µi = δEcore/δni is the chemical potential of the particle
i). The equilibrium configuration (ground state) is obtained by minimizing the
energy density E and the EoS is given by:
P (nb) = n2b
d
dnb
(
E(nb)
nb
)
, ρ(nb) =
E(nb)
c2
(1.5)
To integrate numerically the TOV system (using the Runge-Kutta method of
the 2nd order), we choose two non-relativistic EoS which are based on the
so-called effective nucleon-nucleon FPS (Friedman-Panharipande-Skyrme) and
SLy (Skyrme-Lyon) interactions (see 2.2.1). These two EoS (Fig.1.4 (left)) are
almost the same up to the layer where neutron drip occurs (ρ ∼ (1011 − 1013)
g/cm3) and this because, according to the SLy model, neutron drip occurs at
ρSLydrip ' 4 × 1011 g/cm3 and, according to the FPS one, at ρFPSdrip ' 6 × 1011
g/cm3.
Figure 1.4: Left: Sly and FPS equations of state. Right: behavior of the neutron
star mass contained in a sphere with radius r, according to the SLy and FPS
models and for a total gravitational mass M = 1.44M.
Anyway, the general behavior of the mass (Fig.1.4 (right)), pressure (Fig.1.5
(left)) and density (Fig.1.5 (right)) are the same for both EoS. As we expect,
pressure and density decrease going from the center towards the surface, while
mass, of course, increases. These figures refer to a standard neutron star having
a mass M ' 1.44M. In Tab.1.3, there are indicated some physical parameters
which characterize a standard neutron star (Mco and Rco refer to the mass
and radius of the core respectively, while Mcr and ∆cr refer to the mass and
the thickness of the crust) which can be compared with the observed values
in Tab.1.1. We even found the maximum Mmax (Tab.1.4) possible mass that
neutron stars can have while in relativistic hydrostatic equilibrium.
This was done thanks to the relation between ρc and M (Fig.1.6), since we
know that hydrostatic equilibrium is possible if dM/dρc ≥ 0 [1]. The knowledge
of Mmax is very important, because it would enable us to identify black holes
(whose mass is greater than the maximum mass allowed for neutron stars and
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white dwarfs), but it is not easy, sinceMmax depends on the particular EoS, for
example MSLymax = 2.05M, while M
FPS
max = 1.80M. We even found the relation
between radius and mass of neutron stars (Fig.1.6 (right)).
Figure 1.5: Left: variation of pressure, which balances gravity, with r. Right:
density as function of the distance from the center of a neutron star whose
gravitational mass is M = 1.44M.
EoS M/M ρc/ρsat R(km) Mco/M Rco(km) Rdrip (km) Mcr/M ∆cr(km)
SLy 1.44 3.83 11.68 1.42 10.80 11.32 0.02 0.88
FPS 1.44 5.11 10.79 1.43 10.09 10.44 0.01 0.70
Table 1.3: Physical parameters of a standard neutron star according to the SLy
and FPS equations of state.
EoS Mmax/M ρc/ρsat R(km) Mco/M Rco(km) Rdrip(km) Mcr/M ∆cr(km)
Sly 2.05 11.12 9.93 2.04 9.64 9.81 0.01 0.29
FPS 1.8 13.34 9.2 1.79 8.90 9.0 0.01 0.30
Table 1.4: Inferred physical parameters of a the neutron star having the maxi-
mum possible mass according to the SLY and FPS equations of states.
In the next Chapter, we will present some microscopic methods (BCS and HFB)
to calculate the 1S0 pairing gap which is important for the properties of the inner
crust. It is related to the glitches and the thermal relaxation of neutron stars.
As the 1S0 pairing gap also is important in nuclei, we will study at the same
time and with the same approach both nuclei and neutron star matter.
18
Figure 1.6: Left: variation of the total mass M with the central density ρc given
by the SLy and FPS EoS. Right: relation between M and the total radius R
according to the two EoS.
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Chapter 2
Pairing in nuclear matter
and finite nuclei
2.1 Introduction to microscopic nuclear models
One of the most important problems in nuclear physics is the understanding
of the strong nuclear interaction which allows the nuclei to exist as a bound
system of nucleons and determines the static and dynamic properties of nuclei.
The static properties of medium-mass and heavy nuclei can be described with a
high accuracy using the so-called “microscopic mean field theories” among those
there are the Hartree-Fock (HF) and Hartree-Fock-Bogoliubov (HFB) approx-
imations. In particular, the HF method can accurately describe the ground
state or static properties such as the binding energy, radius, separation energies
of one (Sn, Sp) or two (S2n, S2p ) nucleons (neutrons or protons) for nuclei
at shell-closure where pairing correlations are negligible. The inclusion of the
pairing correlations is done in the HFB approach. The dynamic properties
generally concern the excited states such as individual or collective excitation
modes, fission, collision dynamics...and we need to go beyond the mean field
approximation, for example using the Time Dependent HF or HFB (TDHF or
TDHFB), theRandom PhaseApproximation (RPA) orQuasi-particleRandom
Phase Approximation (QRPA) theories, in order to be able to describe them
and, at the same time, account for experimental data. These nuclear models use
effective forces, which generally are phenomenological, to simulate the nucleon-
nucleon (NN) interaction inside nuclei. The term “effective” suggests the diffi-
culties which are encountered while passing from the “real” free NN interaction
to the NN interaction inside nuclei. The parameters of the phenomenological
interactions are chosen so that they can reproduce some properties of infinite
nuclear matter and finite nuclei. It should be marked that, once fixed, these
parameters are no more changed. There are two different types of effective
forces: the finite range interactions (e.g. Gogny interaction) and the zero range
interactions such as the Skyrme one. We focused on the non-relativistic HF and
HFB mean field approximations and used the so-called Skyrme-Lyon 4 (SLy4)
zero range interaction.
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2.2 Mean field theories
The foremost hypothesis of mean field theories is the independent particle ap-
proximation, that is the A nucleons inside nuclei are treated as if they moved
independently one from each other and in a mean field created by themselves
(it is a A-body problem) such as the microscopic self-consistent HF or HFB po-
tentials. This approximation supposes that the mean free path of the nucleons
in the nucleus is at least comparable or larger than its radius, which generally
is reasonable. Let us suppose to have to do with a system made of A nucleons,
each of them having a kinetic energy Ki (Ki = p2i /2m) and interacting with the
other nucleons through a two-body potential V (i, j) (we neglect the three-body
interactions). Then, in the non-relativistic case, we have:
H = K + V =
A∑
i=1
(
p2i
2m
+ V (i)) +
1
2
A∑
i 6=j=1
V (i, j)−
A∑
i=1
V (i)︸ ︷︷ ︸
Hres
(2.1)
and the mean field approximation consists in considering a single particle po-
tential V (i) instead of V (i, j), namely we neglect the so-called residual interac-
tion (Hres). From now on, the nucleons are independent one from each other
and their wave functions ψi and energies εi are given by the solutions of the
Schro¨dinger equations:
hiψi =
{
p2i /2m+ V (i)
}
ψi = εiψi, i = 1, ..., A. (2.2)
We emphasize the fact that the description of nuclei through the one-body
hamiltonian is reasonable if we restrict ourselves to the ground state, but to
describe the excited states we also need to take into account Hres.
2.2.1 The Skyrme effective interaction
The general expression of the Skyrme type force V , which simulates the nucleon-
nucleon (NN) interaction inside nuclei, contains the following terms:
V (r1, r2) = t0(1 + x0Pσ)δ(r) central attractive term
+
1
6
t3(1 + x3Pσ)[ρ(R)]αδ(r) density dependent repulsive term
+ iW0σ · [P∗ × δ(r)P] spin-orbit term
+
1
2
t1(1 + x1Pσ)[P∗δ(r) + δ(r)P2] + t2(1 + x2Pσ)P∗ · δ(r)P
non-local term, (2.3)
where r1 and r2 are the position vectors of the two nucleons,
r = r1−r2, R = 12 (r1+r2), ρ(R) is the total nucleonic density, P = 12i (∇1−∇2),
P∗ is the complex conjugate of P, Pσ = 12 (1+σ1 ·σ2) and σ = σ1+σ2 (σ1 and σ2
are the spin operators of the two nucleons respectively). The delta function δ(r)
describes the zero-range nature of the interaction and the coefficients (t0, x0,
...), which appear in the expression of V , are chosen in order to reproduce some
properties of nuclear matter (e.g. the saturation density ρ0 = 0.16 fm−3, the
binding energy per nucleon B/A(ρ0) = 16 MeV, the symmetry energy aS ' 30
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MeV, the bulk modulus K∞ = 230 MeV,...) and the binding energies and
radii of some stable nuclei. There are different sets of parameterizations, for
example SLy4 [11] which includes, in the fitting procedure, the adjustment to a
theoretical calculation of pure neutron matter and reproduces the properties of
the very neutron rich nuclei. That is why we chose it, in the following, to study
the properties of the 124Sn and 136Sn tin isotopes.
2.2.2 Non-relativistic Hartree-Fock approximation
In this case, the wave function ΨHF , which describes the ground state of a
nucleus, is a Slater determinant whose terms are given by the individual wave
functions ψi of the nucleons which are considered as independent fermions:
ΨHF (x1, ...,xA) =
1√
A!
det {ψ1(x1)...ψA(xA)} (2.4)
and ΨHF is the solution of the time-independent Schro¨dinger equationHΨHF =
EΨHF . The wave functions ψi are obtained by minimizing the total energy E
of the system following the variational principle:
δE(ΨHF ) = δ
〈ΨHF |H|ΨHF 〉
〈ΨHF |ΨHF 〉 = 0 (2.5)
which leads to the Hartree-Fock equations:
hiψi =
{
− h¯
2∇2
2m
+ VHF (ψ1, ..., ψA)
}
ψi = εiψi, i = 1, ..., A. (2.6)
In such a way, we have a self-consistent system of A non-linear equations, since
it depends on VHF which arises while solving 2.5 [33] and which depends on
the individual wave functions ψi, ..., ψA. Once solved, the system (2.6) gives
the individual wave functions ψi, the energies εi of all A nucleons and the
potential VHF . In Fig.(2.1), we show, as an example, the density distribution of
protons (Z), neutrons (N) and the potential of neutrons obtained using the HF
approximation 1 and the SLy4 force for the doubly-magic nucleus 16O (N=8,
Z=8) and for the semi-magic (Z=28) 68Ni. In Tab.(2.1), we report some of
their physical characteristics given by the HF approach. As we expect, the
nucleonic density of these nuclei decreases exponentially as we approach the
nucleus surface and in 68Ni, we can observe a little bit the formation of the so-
called neutron skin, since a smooth exponential decrease of the neutron density
appears. The description of the nuclei within the HF approach is accurate if the
energy gap between the last occupied and the first vacant energetic levels of the
independent particles is large enough, since this gap assures the shell-closure
effects and gives reason for the very stable magic nuclei. Moreover, if this
gap is not large enough, then the HF approach does not accurately reproduce
experimental data related to the pairing correlations, such as the odd-even mass
staggering. Thus, we need to go beyond the HF method, in order to be able to
include the pairing effects, and this is done in the HFB approximation which
will be our next topic.
1We used a code which solves the HF and HFB equations in the coordinate space (with
the spherical symmetry imposed) see [14].
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Figure 2.1: Left: density of nucleons in 16O and 68Ni nuclei according to the
HF approximation. Right: behavior of the neutron potential in the 16O and 68Ni
nuclei according to the HF approximation.
HF N Z E/A (MeV) RN (fm) RZ (fm) R¯ (fm)
16O 8 8 -8.03 2.66 2.68 2.67
68Ni 40 28 -8.71 4.01 3.83 3.94
Table 2.1: Physical properties of the 16O and 68Ni nuclei given by the HF ap-
proximation (E is the total energy of the nucleus, RN and RZ are the radii of
the spatial distributions of N neutrons and Z protons respectively and R¯ is the
mean radius of the nucleus).
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2.2.3 Non-relativistic Hartree-Fock-Bogoliubov approxima-
tion
The pairing correlations result from the formation of Cooper pairs. This effect,
first described by Cooper for pairs of electrons in a Fermi sea in metals, accounts
for the superconductivity and superfluid properties of matter. The basic idea is
that the pairing gap due to the pairing of fermions scatters them over the Fermi
energy and thus creates some states that are a mixture of a particle (p) and a
hole (h), where the term particle refers to an occupied quantum state and, vice
versa, the term hole indicates an unoccupied quantum state (see Fig.2.2).
Figure 2.2: Left: occupation of the energy levels of fermions F (E) at zero tem-
perature (1 or 0) and without pairing effects (HF approach). Right: occupation
of the energy levels of fermions F (E) at zero temperature and considering the
pairing effects (note the particle-hole states around the Fermi energy EF ).
HFB formalism The HFB theory does not consider the nuclei made of in-
dependent particles (HF approach), but of independent quasi-particles (qp). A
quasi-particle is an overlap of particle and hole states and it is given by the
following operator:
βˆ+k =
∑
l
(
Ulkaˆ
+
l + Vlkaˆl
)
, (2.7)
where aˆ+l and aˆl are the creation and the destruction operators of fermions
respectively, whose quantum numbers are represented by l. If our system has
a spherical symmetry (we can thus describe it simply by using the distance r
from the nuclear center and the spherical harmonics Ylm(θ, ϕ)) and a zero-range
interaction is considered then, by minimizing the total energy E of the system,
we find the HFB equations:
(h(r)− λ)Uk(r) + ∆(r)Vk(r) = EkUk(r) (2.8)
(−h(r) + λ)Vk(r) + ∆(r)Uk(r) = EkVk(r), (2.9)
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from which we can calculate the amplitudes Uk and Vk of the wave function of
the quasi-particle with quantum numbers k as well as its energy Ek (λ is the
Fermi energy). The term h corresponds to the self-consistent mean field of the
HF approximation and represents the mean field of the so-called particle-hole
channel, while ∆ represents the pairing field of the particle-particle one. Fur-
thermore, the particle density is given by:
ρ(r) =
1
4pi
∑
k
(2jk + 1)V ∗k (r)Vk(r) (2.10)
and, analogously, in the quasi-particle case, we have the following definition of
the pairing or abnormal density:
ρ˜(r) =
1
4pi
∑
k
(2jk + 1)U∗k (r)Vk(r). (2.11)
The HFB equations are solved in a “box”, whose side determines the possible
values that r can have. For our calculations, we took a box of 20 fm, which is
reasonable, since it is far greater than the nuclear radii of the two tin isotopes
of interest (124Sn and 136Sn), which lie in a range of (6-7) fm.
BCS approximation A particular case of the HFB approach is the Bardeen-
Cooper-Schrieffer (BCS) approximation, in which a quasi-particle qˆk+ is given
by:
qˆk
+ = ukaˆ+k↑ + vkaˆ
+
−k↓, (2.12)
where the parameters uk and vk represent the amplitudes of the spin-up state (↑)
with momentum k and of its time-reversal respectively. These two parameters
are linked to the energy Ek of a quasi-particle by:
Ek =
√
(εk − λ)2 +∆2k, u2k =
1
2
(
1 +
εk − λ
Ek
)
, v2k =
1
2
(
1− εk − λ
Ek
)
,
(2.13)
where εk is the energy of the particle given by the HF approximation, λ is the
Fermi energy and ∆ is the pairing gap which is obtained solving the equation:
∆k = −12
∑
l
Vkl
∆l√
(εk − λ)2 +∆2l
, (2.14)
V being the pairing interaction of the system.
2.2.4 Quasiparticle Random Phase Approximation (QRPA)
As we have already mentioned, the HFB equations are suitable to describe the
medium-mass or heavy nuclei ground state properties taking into account the
superfluid properties. When we need to describe the nucleon excited states, we
have to consider the time evolution of the system which is done in two main
different approaches:
- RPA describes the excitation of the nucleons as the result of the particle-hole
superpositions and it works well with closed-shell nuclei. The RPA equations
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are obtained by using the principle of least action [32] and by taking into ac-
count the residual interaction which is considered as a perturbation compared
to the HF mean field 2.
- QRPA is an extension of the RPA since it describes the excitations in terms of
quasiparticle-quasiparticle (qp-qp) superpositions and so the two-particle trans-
fer modes are described in terms of quasiparticle-quasiparticle pairs. For this
reason, it is more suitable than the RPA for opened-shell nuclei where the su-
perfluid properties become important.
QRPA formalism In the QRPA approach we use [21,22,23], the ground state
is the more general one we can have for the superfluid systems, that is the
HFB one. In the QRPA, the response of the nuclear system to an external
perturbation field is given by the TDHFB equation:
ih¯
δR
δt
= [H(t) + F (t), R(t)], (2.15)
- H is the time-dependent HFB hamiltonian;
- F is the external perturbation field given by:
F = F0e−iωt + F ∗0 e
iωt, (2.16)
where F0 is expressed in terms of one-body and two-body transfer operators:
F0 =
∑
F 11ij c
+
i cj +
∑
(F 12ij c
+
i c
+
j + F
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ij cicj), (2.17)
c+j and ci being the particle creation and annihilation operators respectively.
The external field is supposed to be weak so that it causes only small changes
to the nuclear density meaning that we can treat it in the linear order.
- R is the generalized density matrix which, in the limit of small perturbations
(the one we are interested in) is a function of the variation of the particle density
δρ and of the pairing density terms deriving from the qp-qp description δκ and
δκ¯ :
R
′
ij =
(
δρij δκij
δκ¯ij −δρij
)
(2.18)
where:
δρij = 〈0|c+j (rσ)ci(rσ)|0
′〉 (2.19)
δκij = 〈0|cj(rσ¯)ci(rσ)|0′〉 (2.20)
δκ¯ij = 〈0|c+j (rσ)c+i (rσ¯)|0
′〉 (2.21)
where c+(rσ¯) = −2σc+(r − σ) is the time reversed counterpart of c+(rσ) and
|0′〉 is the final state due the action of the external field over the ground state
|0〉.
Notice that in the QRPA, the excitations are described in terms of the pairs
p-h (δρ), p-p (δκ) and h-h (δκ¯) superpositions, differently from the RPA where
just the p-h case is considered. In such a manner, the number of the nucleons
A in the nucleus is violated while going from the ground state to an excited
2The HF equations are the stationary solutions derived from the principle of least action.
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state, since the transition probability can be different from zero not only in the
case where the final state has the same number of nucleons (δρ), but also in the
case it has A-2 (δκ¯) or A+2 (δκ) nucleons. This result of the QRPA is used
to describe the transfer transition density of the pairs between nuclei. We also
point out that the transition density, which gives the probability to transfer
the nucleon pair from a nucleus to another, corresponds to the form factor of
the pair transfer if the interaction between the pair and the residual nucleus is
assumed to be a zero-range one, such as the delta force. In Fig.2.3, we show
an example of the ground state transition density in the hole-hole channel due
to a delta type pairing interaction (x = 1) for the 124Sn(p,t)122Sn reaction (see
2.2.5).
Figure 2.3: Ground state (gs) transition density in the hole-hole channel for the
124Sn(p,t)122Sn reaction using a delta type interaction (x=1).
In the limit of small oscillations of the external field, the variation of the hamil-
tonian is:
H
′
= Vd, (2.22)
where d = (δρ, δκ, δκ¯) and V represents the residual interaction between the
quasiparticles and it is determined self-consistently from the two-body force
used in the HFB calculations. It is given by:
Vαβ(rσ, r
′
σ
′
) =
δ2E(ρ, κ, κ¯)
δdβ(r
′σ′)δdα¯(rσ)
, α, β = 1, 2, 3, (2.23)
where α = 2, 3 implies α¯ = 3, 2. The variation of the density vector δd can be
expressed in terms of the QRPA Green’s function G as follows:
δd = GF, (2.24)
where F = (F 11, F 12, F 21) and G obeys the Bethe-Salpeter equation [22]:
G = (1−G0V)−1G0 = G0 +G0VG, (2.25)
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G0 being the unperturbed Green’s function that is constructed by using the
qp energy Ek and the corresponding wave functions (Uk and Vk) given by the
solutions of the HFB equations (see 2.2.3).
The Green function G allows us to find the strength function of the two-particle
transfer from a nucleus to another. For example, if the interaction does not
depend on the spin variables, then the strength function which allows to pass
from the ground state of a nucleus with A nucleons to the excited states of a
nucleus with A-2 nucleons is given by:
S(ω) = − 1
pi
Im
∫
F 21
∗
(r)G33(r, r
′
;ω)F 21(r
′
)drdr
′
, (2.26)
where G33 is the (hh,hh) component of G and F 21 is the perturbation field
associated with the subtraction mode of two particles.
QRPA results In the QRPA calculations we use the full HFB qp spectrum
up to 60 MeV to construct the unperturbed Green’s function G0 and all the
calculations are done in a 22.5 fm size box. The QRPA equations are solved
supposing spherical symmetry which is adequate for the nuclei we are studying,
namely 124Sn and 136Sn.
In Fig.2.4 and Fig.2.5, we represent, for the tin isotopes 124Sn and 136Sn, the
QRPA response function in the two-neutrons 0+ subtraction mode, that is the
response function of the system while passing from the nucleus with N neutrons
to the same nucleus with N-2 neutrons (see 2.26). We see that in the case of
the 124Sn two-neutrons subtraction mode, the response function of the system
is very similar in the case of the mixed interactions (x = 0.35 and x = 0.65),
while in the pure surface case (x = 1) it has a quite different shape and inten-
sity. These differences will be also seen in the form factors which describe the
structure of the system (see 4.4). On the contrary, in the 136Sn two-neutron
subtraction mode, the spectra of the system have very similar shapes in all the
three cases. We point out that there are, once again, very little differences be-
tween the two mixed interactions, both in intensity and shape. Anyway, the
spectrum given by the x = 1 interaction has an intensity quite different from
the former cases. This difference will be transposed to the form factors, which
in turn, experimentally speaking, could allow to disentangle at least between
a pure surface interaction and a mixed interaction, as we will see in Chap.4.
So, the QRPA allows to microscopically describe the excitations of the nuclei
in the most general theoretical background, since it also takes into account the
superfluid properties of the nuclei. One of the aims of the present research is
to give an exhaustive description of the interaction which is responsible for the
superfluidity in nuclei which, of course, is as good as possible in agreement with
the experimental data. Thus, in the next sections we will give a description of
the pairing interaction we used and in the next chapter we will talk about the
two-neutron transfer reactions which are the mean we have to test the validity
of the QRPA theory we use to describe nuclear superfluidity.
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Figure 2.4: Response function S, as given by QRPA, in the two neutrons 0+
subtraction mode for 124Sn for the different kinds of the pairing interactions
(x=1, 0.35, 0.65).
Figure 2.5: Response function S, as given by QRPA, in the two neutrons 0+
subtraction mode for 136Sn and for the different kinds of the pairing interactions
(x=1, 0.35, 0.65).
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2.2.5 Isoscalar pairing interactions
A traditional approach to study the pairing interactions is to adjust them to
the pairing gap of same nuclei, in order to reproduce the two neutrons S2n or
two protons S2p separation energies 3. Common pairing interactions are chosen
so that they depend on the nucleon density and are of a local type (density-
dependent-delta-interaction or DDDI):
Vpair(r, r
′
) = fpair(r)δ(r− r′), (2.27)
where δ accounts for the local nature of the interaction and fpair is the density-
dependent pairing-strength factor whose parametrization depends on the chosen
model. In particular, fpair could depend just on the nucleon density or isoscalar
density (ρIS = ρn + ρp) and, in this case, we speak about iscoscalar pairing
interaction (IS) or it could even depend on the isovector (IV) density (ρIV =
ρn − ρp) and, this time, we say that we are dealing with IS and IV pairing
interaction (IS+IV).
We point out that, since δ is a zero-range force in the coordinate space, it
becomes a constant in the momentum space and so a cut-off energy Ec of the
quasi-particles must be fixed in order to have limited phase space configurations
(generally, Ec = 60 MeV is a reasonable value).
We examined the pairing interaction both in finite neutron-rich nuclei, namely
in the tin isotopes (124Sn and 136Sn) and in infinite nuclear matter.
In our investigation of some of the properties of the semi-magic (Z=50) even-
even 124Sn and 136Sn tin isotopes, we considered the SLy4 parametrization to
describe the interaction in the p-h channel and, to account for the pairing field,
we choose a DDDI (2.27), whose general density-dependent pairing-strength
factor is given by:
f ISpair = V0
[
1− x
(
ρIS(r)
ρ0
)α]
, (2.28)
where V0, x, α are constants and ρ0 = 0.16 fm−3 is the nucleonic saturation den-
sity. Apart from making the pairing stronger as we go from the center towards
the surface of the nuclei, the chosen form of the pairing interaction as a power
law of density is not motivated by specific theoretic arguments or calculations
and we, in particular, chose α = 1. The constant x describes the “nature” of
the interaction:
1) if x = 0, then the pairing becomes a volume interaction whose strength is the
constant Vo all over the nucleus;
2) if x = 1, then the interaction is mainly concentrated in the outer part of the
nucleus and thus we have a surface interaction;
3) if 0 < x < 1 we have a so-called mixed interaction, since it is neither a volume
nor a surface one.
Note that, in the surface case, it has been shown [9] that the present experi-
mental data are consistent with 1/2≤α≤1. The V0 values are chosen in order to
reproduce experimental data (Fig.2.6) concerning the two neutron separation
energies of 124Sn and 136Sn. Notice that, in Fig.2.6, the S2n = 0 corresponds to
the nucleus 176Sn, that is, it is the last bound tin isotope, since, for the heavier
isotopes, the neutrons “drip” out of the nucleus and thus we say that the 176Sn
3S2n is defined as S2n≡EB(Z,N)−EB(Z,N − 2) (where EB(Z,N) is the binding energy
of a nucleus having Z protons and N neutrons) and S2p is defined analogously.
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Figure 2.6: Behavior of the two-neutrons separation energies S2n for the tin
isotopes. The theoretic fit corresponds to the case α = 0.5 and V0 = −340
MeV ·fm3 (private communication).
determines the tin drip line. We summarize the values of the parameters we
used to make our calculations for 124Sn and 136Sn:
- surface interaction: V0 = −670 MeV·fm3, x = 1, α = 1 and Ec = 60 MeV;
- mixed interaction: V0 = −285 MeV· fm3, x = 0.35, α = 1 and Ec = 60
MeV. In Fig.2.7, there are shown the p-h (central potential) and the p-p (pair-
ing) neutron potentials that we obtained using the HFB theory with the above
mentioned parameters. Comparing the p-h channel potentials of the two tin
isotopes, we see that, with increasing neutron number, the potential becomes
more and more diffused in the outer region and have the same general behavior.
In the p-p channel, instead, the pairing field deeply depends on the type of the
interaction:
- in the surface case, the pairing field is peaked in the nuclear surface;
- in the mixed case, the potential is located in a broad region.
In Fig.2.8, we show the neutron and proton densities (2.10) that we obtained
for the two tin isotopes and, as we expect, independently from the kind of pair-
ing interaction, the spatial extension of neutrons in 136Sn is larger than that of
neutrons in 124Sn.
In Fig.2.9, there is shown the abnormal neutron density (2.11), where we can
see that, as in the density case, it reflects, as it should be, the behavior of the
respective potential. Notice that we do not show the abnormal proton density,
because it is almost zero. In fact, since the tin is magic in protons (Z = 50),
their shell is closed and this, in turn, means that the pairing effects in practice
are non-existent.
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Figure 2.7: Comparison of neutrons surface and mixed interactions in the p-h
(left) and p-p (right) channels for the 124Sn and 136Sn tin isotopes .
Figure 2.8: Neutron (left) and proton (right) densities of 124Sn and 136Sn as
given by the surface and mixed interactions.
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Figure 2.9: Abnormal neutron density of the 124Sn and 136Sn tin isotopes given
by the surface and mixed interactions.
2.2.6 IS+IV pairing interactions
From a theoretical point of view, it is not an easy challenge to find a description
of the pairing interaction which, at the same time, accounts for the properties
of finite nuclear matter (nuclei) and infinite nuclear matter. The term infinite
nuclear matter or, simply, nuclear matter refers to an ideal unlimited uniform
system made of nucleons and which, therefore, has no surface. According to
the value of the asymmetry coefficient I, defined as I ≡(N-Z)/A, the infinite
nuclear matter is called symmetric (I = 0, the matter has the same number of
protons and neutrons), asymmetric (I 6= 0, there is an unequal number of the
two kind of nucleons) and pure neutron (I = 1, since the matter is just made
of neutrons). The physical properties of this matter can not but be inferred
theoretically, even if neutron stars can be thought as a kind of “mega-nuclei”
(which simulate infinite nuclear matter) and thus from the understanding of
the characteristics of one of these two systems (e.g. pairing interaction which
is responsible for superfluidity) we can deduce those of the other. However, our
aim to understand infinite nuclear matter and neutron stars, beginning from
nuclei and vice versa is not so evident, since, for example, the neutron to proton
ratios in neutron stars (Tab.1.2) are much higher than those we can ever hope
to obtain in our laboratories. Nevertheless, nuclei can be seen as a point in the
phase diagram which describes the properties of nuclear matter in general and,
so, the comparison of the results obtained from finite and infinite nuclear matter
can help as in achieving our goal, since the nuclei surfaces have densities which
are comparable to those of the neutron stars inner crusts. We, thus, continue our
investigation of pairing interaction but, this time, we consider another approach
which uses two DDDI with density-dependent pairing-strength factors f IS+IVpair
containing both IS and IV terms.
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In the first considered pairing interaction [3], we have:
f IS+IVMS = V0
[
1− (1− I)ηs
(
ρIS
ρ0
)αs
− Iηn
(
ρIS
ρ0
)αn]
, (2.29)
where the parameters V0 = −480 MeV·fm3, ηs = 0.598, αs = 0.551, ηn = 0.947
and αn = 0.554 are fixed in order to reproduce the scattering length of neutron-
neutron interaction in the 1S0 channel and some microscopic calculations [12]
concerning symmetric and neutron matter pairing gaps at various densities with
a cut-off energy Ec = 60 MeV.
In the second case [19], the density-dependent pairing-strength factor is given
by:
f IS+IVY = V0
[
1− η0
(
ρIS
ρ0
)
− η1τ3
(
ρIV
ρ0
)
− η2
(
ρIV
ρ0
)2]
, (2.30)
where the constants V0 = −344 MeV·fm3, η0 = 0.5, η1 = 0.2 and η2 = 2.5
are chosen so that the experimental dependance of the pairing gaps on the
mass number A and on the asymmetry parameter I can be reproduced for 156
even-even nuclei in the region where A=(118-196) and I = (0.05 − 0.25). The
optimized values have been fixed using the SLy4 interaction, with a cut-off
energy Ec = 50 MeV, and τ3 counts 1 for neutrons and -1 for protons.
Application to nuclei As in the IS case, we investigate the properties of
124Sn and 136Sn nuclei but, this time, using the IS+IV interactions (2.29) and
(2.30). The two IS+IV pairing interactions almost give the same results for the
p-h channel, as we can see in Fig.2.10 (left) and in Fig.2.11. In the p-p channel,
instead, the interaction (2.30) underestimates the pairing gap compared to the
(2.29) one, as shown in Fig.2.10 (right). The behavior of the abnormal neutron
density is shown in Fig.2.12, where we can see that the two IS+IV pairing
interactions give similar results and, the interaction (2.29) overestimates the
abnormal density compared to the (2.30) one, consistently, of course, with the
pairing gap behavior (2.11). In Tab.2.2, there are summarized the neutron mean
pairing gap values of 124Sn and 136Sn nuclei for all the IS and IS+IV considered
interactions. We notice that, in the case of the 124Sn, all the interactions give
almost the same pairing gap which reproduces well the experimental one which
is about -1.3 MeV. On the contrary, in the case of the 136Sn, there are remarkable
differences among the mean pairing gap values given by the different interactions
as we can see, for example, comparing the gap given by the “surface” interaction
with the one given by the “Y” interaction. This confirms that, as expected,
in the very neutron rich 136Sn, the pairing correlations should play a more
important role than in the 124Sn. Now that we have an idea of the behavior
Nuclei Surface (MeV) Mixed (MeV) MS (MeV) Y (MeV)
124Sn -1.33 -1.46 -1.40 -1.32
136Sn -1.00 -0.91 -0.80 -0.68
Table 2.2: Mean pairing gap values for all the IS and IS+IV considered inter-
actions.
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Figure 2.10: Neutron potential in the p-h channel (left) and neutron pairing
field of the 124Sn and 136Sn tin isotopes (right) as given by the two considered
IS+IV pairing interactions.
Figure 2.11: Neutron (left) and proton (right) densities of the 124Sn and 136Sn
tin isotopes given by the two considered IS+IV pairing interactions.
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Figure 2.12: Abnormal neutron density of the 124Sn and 136Sn tin isotopes given
by the (2.29) and (2.30) IS+IV pairing interactions.
of the considered IS and IS+IV pairing interactions in nuclei, it is interesting
to see what happens when we are dealing with the infinite nuclear matter and
this is discussed in the next subsection.
2.2.7 Application to nuclear matter
In this case, we analyze our problem in the BCS approximation (2.14) so that,
supposing a contact interaction at zero temperature, the pairing gap ∆n is given
by the solution of:
∆n = −fpair(ρn, ρp)2(2pi)3
∫
d3k
∆n
En(k)
θ(k, k
′
), (2.31)
- fpair has the usual meaning (2.15);
- En =
√
(n(k)− νn)2 +∆2n is the neutron quasi-particle energy, where n(k) =
h¯2k2/2m∗n is the neutron single-particle kinetic energy with the effective mass
m∗n
4 obtained from the SLy4 interaction and νn is the effective neutron chemical
potential (that is the chemical potential less the mean field potential);
- θ(k, k
′
) is the step function with respect to the cut-off moment kc:
θ(k, k
′
) =
{
1 if k, k
′
< kc
0 otherwise.
We calculated both the symmetric and neutron matter pairing gaps using all
the IS and IS+IV interactions that we have previously considered. What we
obtained is shown in Fig.2.13, where we can see that the IS surface pairing
gap is far larger than the others in both cases. It is interesting to see that the
two IS+IV pairing gaps do not significantly change in the two types of nuclear
matter, while the IS ones are “amplified” in the neutron matter, compared to
4The energy k of a single-particle with momentum k and massm in the nuclear matter can
be written as k = h¯
2k2/2m+Σ(k, k) ≡ h¯2k2/2m∗, Σ(k, k) being the interaction energy of
the particle with the environment.
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the symmetric one. Furthermore, in the symmetric matter, the four consid-
ered pairing interactions give comparable results around the saturation neutron
Fermi momentum (kFn ' 1.4 fm−1).
Figure 2.13: Comparison of the different IS and IS+IV pairing interactions
(in function of the neutron Fermi momentum kFn = (3pi
2ρn)1/3, ρn being the
neutron density) in symmetric (left) and neutron matter (right) as obtained by
BCS calculations.
2.2.8 Application to neutron stars
As we have pointed out, neutron stars offer a kind of “natural laboratory” to
test theories concerning infinite nuclear matter. In particular, we expect that,
for densities greater than the “drip” one (see 1.4.1), the neutron star matter
exhibits superfluidity due to the unbound neutrons of the inner crust and the
knowledge of the pairing gap behavior is very important to understand some of
its properties (see 1.3) such as cooling, since it modifies, among others, some
neutrino emission processes. This said, the nuclear interaction is fixed to be
SLy4 and we study the impact of the different pairing forces (IS and IS+IV)
over a standard neutron star, whose equation of state is given by the FPS
model (Tab.1.3), using the unbound neutron gas densities given in Tab.1.2.
What we obtained for the different IS and IS+IV pairing interactions, using
BCS calculations for neutron matter, is shown in Fig.2.14. It is interesting
to note that the pairing gap due to the IS mixed interaction extends more
deeply, as we go towards the neutron star core, than all the other interactions.
Furthermore, the IS surface interaction is almost peaked in the inner crust,
while, as we have already said, the IS mixed one is spread in a broad region,
confirming the analogy with nuclei (compare with Fig.2.7). We point out that,
in the IS+IV MS case, we are just considering the superfluid contribution due
to the unbound n-n interactions in the 1S0 channel and a complete treatment of
the superfluid properties all over the neutron star needs to consider all possible
nucleon-nucleon reaction channels.
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Figure 2.14: Behavior of the pairing gap for the unbound neutrons in the inner
crust of a standard neutron star, as deduced from the different pairing gaps of
infinite neutron matter (I = 1) and the unbound neutron gas densities estimated
by Negele and Vautherin [13] for the inner crust of neutron stars (Tab.1.2).
2.2.9 Local Density Approximation (LDA)
Neglecting the shell effects, a LDA is performed to estimate the pairing field in
finite nuclei. The idea of LDA is to link superfluid properties in finite nuclei
with the ones in infinite matter as presented schematically in Fig.2.15. To this
Figure 2.15: Scheme of the “link” between nuclei and infinite matter.
end, we studied the neutron pairing field ∆n(r) in the LDA, which is given by
the following definition (see [15]):
∆LDAn (r) ≡ ∆∞n (kFn(r), xp(r)), (2.32)
where ∆∞n (kFn , xp) is the neutron pairing gap as given by BCS calculations in
infinite nuclear matter, kFn is the neutron Fermi momentum and xp is the proton
fraction (xp = ρp/ρIS). Therefore, in the LDA, the kFn(r) and xp(r) values used
to calculate the pairing gap are the ones given by the HFB approximation for
finite nuclei according to the relations:
kFn(r) = [3pi
2ρn(r)]1/3 (2.33)
xp(r) = ρp(r)/[ρn(r) + ρp(r)], (2.34)
where ρn(r) and ρp(r) are the neutron and proton densities respectively. In the
following, what we actually do, is to examine all the IS and IS+IV interactions
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we have considered in order to understand the link between infinite matter and
finite nuclei with respect to the superfluid properties. Namely, we compare the
neutron pairing gaps as given by the HFB approximation for finite nuclei with
the ones given by the LDA. At first, we consider two nuclei of experimental in-
terest (124Sn and 136Sn) and compare them with the two mid-shell nuclei 110Sn
and 150Sn (see [15]), as shown in Fig.2.16 and Fig.2.17. As we can see, inde-
Figure 2.16: Comparison of the neutron pairing field ∆n as given by LDA and
HFB calculations for 124Sn and 136Sn.
pendently from which tin isotope we consider, the LDA applied to the surface
interaction overestimates the pairing gap in the interior of the nuclei, while, for
the other interactions, the LDA is in a reasonable agreement with HFB. It is
also clear that in the case of mid-shell nuclei 110Sn and 150Sn there is a much
better agreement between the pairing gaps given by the HFB and the LDA ap-
proximations as compared to 124Sn and 136Sn. Notice that the 136Sn is closer
to the shell-closure than the 124Sn and the LDA in the latter case works bet-
ter than in the former case. This suggests that the better or worse agreement
between the HFB and LDA calculations depends on the considered nuclei. We
thus perform a systematic study of the HFB and LDA neutron pairing gaps
over the tin isotopes ranging from N=44 to N=110. To this aim, we evaluated
both the mean HFB and LDA neutron pairing gap (see [15]) defined as:
∆˜n ≡ 1
N˜
∫
d3rρ˜n(r)∆n(r), (2.35)
where N˜ ≡ ∫ d3rρ˜n(r) is the average number of the neutrons which participate
to the pairing correlations, ρ˜n(r) being the abnormal density. Results are shown
in Fig.2.18. As expected, the HFB mean neutron pairing gap goes to zero as
the nuclei get closer to magic nucleus (N=50,82 in Fig.2.18), while the LDA
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Figure 2.17: Comparison of the neutron pairing field ∆n as given by LDA and
HFB calculations for the mid-shell nuclei 110Sn and 150Sn.
does not account for this shell effect. Notice that, as we can also see in Fig.2.16,
the surface interaction gives a pairing gap which is far greater than those due
to the other interactions and this is even more evident in the LDA calculation
(compare upper panel and middle panel of Fig.2.18). So, to have a quantitative
idea of the validity of the LDA, we report in the lower panel of Fig.2.18 the
ratio of the mean HFB neutron pairing gap and the one given by LDA. It is
interesting to note that the region where the LDA works better is the mid-shell
nuclei one, confirming the results we have shown in Fig.2.17, and, except for the
pure surface interaction, for these nuclei the agreement between HFB and LDA
is ≥ 80%. This means that we can extend the information obtained from pairing
gap in uniform matter to the mid-shell nuclei, or vice versa, with a good accu-
racy. It should also be noted that the pairing gap intensity in infinite nuclear
matter strongly depends not just on which pairing interaction we consider, but
also on the asymmetry coefficient (or equally on the proton fraction xp) as is
shown in Fig.2.19. and Fig.2.20. In general, we have that, at low densities, the
pairing gap given by the surface interaction is much larger than the one given
by the other interactions, even if, in the case of symmetric matter, near the sat-
uration density (at ρ ∼ 0.11 fm−3) the surface, mixed and the Yamagami and
MSH interactions give almost the same neutron pairing gap value (see the box
in Fig.2.20). This means that, at ρ = 0.11 fm−3, the neutron pairing gap value
in symmetric nuclear matter should lie in a range of (1.5-2.5) MeV to reproduce
the experimental odd-even mass staggering. In the asymmetric case, we do not
have such a strong constraint about the neutron pairing interaction which, once
again, strongly depends on the considered pairing interaction and experimental
data do not give strong constraint. In this chapter, we could appreciate the
great importance of effective forces in understanding nuclear systems, let they
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Figure 2.18: In the upper and the middle panels, there are represented the mean
HFB ∆HFBn and LDA ∆
LDA
n pairing gaps for the tin isotopes (from N=44 to
N=110), while in the lowest panel there is their ratio.
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Figure 2.19: Comparison of the pairing neutron gap in infinite symmetric
(xp=0.5) and asymmetric (xp=0.3) nuclear matter for each considered pairing
interaction.
Figure 2.20: Comparison of the neutron pairing gap given by all the considered
IS and IS+IV pairing interactions in the symmetric (right)and asymmetric (left)
nuclear matter. The box (left) highlights the region where the different pairing
interactions give almost the same neutron pairing gap in symmetric matter.
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be finite or infinite. We also saw that the parameters of these forces are adjusted
in order to reproduce some of the nuclear matter and stable nuclei properties.
However, these same potentials are even used to describe nuclei which are far
from stability and, for this reason, it is by no means obvious that the general
trend of isotopes predicted by the effective interactions are correct. Further-
more, the more a nucleus is neutron rich (weakly bound), the more it is difficult
to describe it from a theoretical point of view, since its Fermi energy lies close
to zero (drip line) and properties such as correlations due to pairing interaction
become crucial, because, as we have seen, increased pairing correlations lead to
lower chemical potential and thus to increased nuclear stability. So, the exper-
imental investigations of the very neutron rich or exotic nuclei properties are
extremely important in order to be able to test and improve present nuclear
models, as well as to understand the pairing correlations. This will be the topic
of the next chapter.
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Chapter 3
Experimental study of
transfer reactions at
GANIL
3.1 Introduction
During my training period, I had the chance to take part to an experiment at the
Grand Acce´le´rateur National d’Ions Lourds 1(GANIL). The GANIL is located
in Caen (France) and it is operative since 1983. The main research interest at
GANIL is the investigation of nuclear structure far from stability thanks to the
use of radioactive beams made of exotic nuclei, that is very neutron rich nuclei.
Nowadays, almost 3000 unstable nuclei have been described and, according to
theoretical predictions, the same amount, at least, remains to be discovered.
Exotic nuclei can exhibit very different structure properties compared to the
stable ones, such as the disappearance of the magic number N=20 and the ap-
pearance of the N=16, or the different deformation of the neutron and proton
density distributions. Since the early 60’s, one of the main approaches used to
investigate nuclear structure was to study direct nuclear reactions and the most
part of the present knowledge of these properties is due to their use.
The term “direct nuclear reactions” refers to reactions where the passage from
the initial to the final state is done in a “single step” (or a “few steps”) and
proceed in a short time, in opposition to the reactions where the formation of
a composite nucleus occurs before the final state is reached. There are different
kinds of these reactions:
- elastic scattering: it gives access to information about the nuclear interaction
potential;
- inelastic scattering: it allows, among others, to investigate the nuclei defor-
mation;
- transfer reactions: they permit to determine the microscopic properties of the
ground state and of the excited states of the nucleus of interest, are suitable for
understanding the ordering of shells (and their separation energies) and give sig-
nificant results for cross sections at relatively small energies (∼30 MeV/nucleon).
1Great Heavy-Ions National Accelerator
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They also are particularly suitable for understanding the pairing correlations.
In fact, thanks to the experimental data obtained by studying the transfer of
a neutron pair from a nucleus to a very neutron rich one, we can search the
link between the different proposed pairing interactions and the measured cross
sections of the neutron pair transfer reaction, which, in turn, can permit us to
prefer some interactions to others.
The above mentioned reactions are of a two-body type:
a+A−→b+B, (3.1)
where the kinematics of the final bodies are completely determined by impos-
ing the momentum and energy conservation and the information about nuclear
structure can be obtained from the spectra and the angular distributions of the
final reaction products.
In the case of stable nuclei, the direct kinematics method is used in order to
investigate their structure, where stable light particles (protons, deuterons, α)
and the stable nuclei of interest are used as projectile and target respectively,
as represented schematically in Fig.3.1. From the detection of the energy EP
and the scattering angle θP of the projectile-like particle, we can deduce the ex-
citation energies of the populated states EX and the scattering angle θX of the
nucleus of interest. In the case of the exotic nuclei, instead, we use the inverse
Figure 3.1: Schematic representation of the experimental setup used to study
stable nuclei in direct kinematics.
kinematics method, where the light stable particles (protons, deuterons, α) are
used as target and the radioactive beam is used as projectile (see Fig.3.2.). From
the detected energy ER and the scattering angle θR of the recoil particle, we
can deduce the excitation energy EX and the scattering angle θX of the heavy
residue nucleus. We point out that the choice of inverse kinematics method is
due to the fact that, when we are dealing with exotic beams, targets made of
such nuclei can not be prepared because of their short lifetimes (τ).
At GANIL (from 28/04/09 to 06/05/09), we studied a transfer reaction (in in-
verse kinematics), where one particle is transferred from one body to another,
as it will be illustrated in the next section. The same methodology will be used
in the future to study pairing correlations in nuclei using two neutron transfer
reactions.
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Figure 3.2: Schematic representation of the experimental setup used to study
unstable nuclei in inverse kinematics.
3.2 The E507 experiment at GANIL
During the E507 at GANIL, the following two-body transfer (inverse kinematics)
stripping (d, p) reaction:
68Ni+ d−→69Ni∗ + p−→69Ni+ γ + p (3.2)
was studied, where a neutron is transferred from the deuteron d to the 68Ni
(τ(68Ni)=28 s) and thus a 69Ni∗ is formed. The aim of this experience is the
study of the shell structure and deformation for N=40 nuclei and, in particular,
the detection of the Jpi = 5/2+ state of 69Ni, which could allow the extraction
of the energetic gap between the g9/2 and d5/2 states of this nucleus. In Fig.3.3,
there is a kinematic calculation which gives the variation of the recoiling protons
energy with the angle (θp, Ep) both in the case where the 69Ni is produced in the
ground state and in the excited state d5/2 (expected at about 2 MeV). Notice
that the detection of the light recoiling particles is basic in order to be able to
identify the quantum states of the reaction products, because the incident beam
68Ni is very little deviated (θlab69Ni ∈(0◦, 1◦)) and the heavy ion detector should
have an excellent resolution, which practically is difficult to achieve. So, it is
thanks to the measurement of the θp and Ep that we can deduce the energy
spectra E∗ and the populated states of the 69Ni and, thus, identify the searched
state. Therefore, an efficient light particle detection system for our reaction
should permit an angular coverage as large as possible and, at the same time,
have an energy detection threshold as low as possible. In the E507, we used the
four MUST2 telescopes shown in Fig.3.4. This said, the detection of the heavy
ion (69Ni) is very important too, since it allows to better identify the reaction
channel of interest (3.2).
Summarizing, the final E507 experimental setting that we used at GANIL, where
the 68Ni beam with an energy of 28 MeV/nucleon hits the CD2 (∼1.2 mg/cm2)
target, is schematically represented in Fig.3.5, where:
- the 4 silicon MUST2 telescopes and S1 silicon annular are the light particles
detectors (p);
- the 4 high resolution Ge detectors (EXOGAM) detect the γ-rays;
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Figure 3.3: Relation between the proton energy Ep and its detection angle θlabp
in the laboratory frame, as given by the simulation program LISE++ of the
stripping 68Ni(d, p)69Ni reaction kinematics.
- the ionization chamber and the plastic detect the heavy ions (69Ni).
3.2.1 68Ni beam production
At GANIL, two different devices are used to produce the radioactive beam (or
secondary beam), starting from a primary stable beam:
- Syste`me de Production d’Ions Radiactifs Acce´le´re´s en Ligne 2 (SPIRAL)
which is based on the Isotopes Separation On Line (ISOL) method, consisting
in a beam made of light or heavy ions which hits a thick target where it is
stopped. Even the other possible fragmentation products due to different mech-
anisms (fragmentation of the projectile and/or the target in the case of the high
energy heavy ions beam, spallation in the case of high energy light particles,
fission induced by neutrons or light ions) are stopped in the target. Then, the
fragments are neutralized and the neutron atoms scatter out of the target, which
is heated up at high temperatures in order to increase the scattering efficiency.
Afterwards, they are ionized and accelerated again, before the selection of the
reaction nuclei of interest is done;
- Ligne d’Ions Super Epluche´s 3 (LISE) and Source d’Ions Secondaires a` Supra-
conducteurs Intenses4 (SISSI) which employ the “in-flight” method, where an
ion beam with an energy E≥50 MeV/nucleon hits a quite thin target where it
loses a relatively weak part of its energy. Exotic nuclei are then produced by
fragmentation of the projectile or in-flight fission in case of fissile beam such as
Uranium.
2Production System of on Line Accelerated Radioactive Ions
3Super Stripped Ion Line
4Source of Intense Superconductors Secondary Ions
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Figure 3.4: The four MUST2 telescopes used in the E507.
Figure 3.5: Scheme of the 507 experience (E507) setup at GANIL for the study
of the reaction 68Ni(d, p)69Ni.
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The in-flight method is to be preferred to the ISOL one, when we are dealing
with very short-lived nuclei, since, in this method, the time tif which is needed
to the exotic beam to go from the production point to the reaction target gener-
ally is of a few milliseconds. This means that all nuclei whose lifetime is greater
than tif could be studied, such as in our case.
In E507, the 68Ni reaction beam, at E = 28 MeV/nucleon, was generated by
fragmentation of a primary beam made of 70Zn at E = 62 MeV/nucleon using
the in-flight method in LISE area (Fig.3.6).
Figure 3.6: GANIL and its experimental areas.
Primary beam The primary beam of 70Zn is generated in anElectronCyclotron
Resonance (ECR) source and is heated up by a high frequency electromagnetic
wave so that the atoms form a plasma made of electrons and ions confined
by an electromagnetic field. After that, the ions are first accelerated by the
C01 cyclotron until their energy reaches a few MeV, then by the two identical
cyclotrons CSS1 and CSS2 (Fig.3.6).
Fragmentation in LISE Once the ions are ready, they are sent in LISE area.
Here, the 70Zn nuclei hit a 9Be target where they are fragmented and, in such
a way, the secondary beam is produced. Of course, among the fragmentation
products there are different kinds of nuclei, apart from 68Ni. Thus, the sec-
ondary beam has to be purified in order to have a beam whose percentage of
68Ni is as high as possible.
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Beam purification The beam purification is performed by the LISE achro-
matic spectrometer which is made of two dipoles and a degrader placed between
them. Each dipole selects the beam nuclei according to their magnetic rigidity
B%, where B is the dipole magnetic field and % is the radius of curvature of the
nucleus in question. In non-relativistic approximation, the following relation,
given by the Lorentz force, exists between B and a particle with mass A and
charge Q:
| FL |=| Qv ∧B |∝ Av
2
%
(3.3)
where v is the particle velocity. Since the ion charge is Q = Z:
B% ∝ vA
Z
. (3.4)
After the first B%1 selection, the beam is again purified by making it pass
through the degrader, which consists of a thin aluminium or plastic foil. In
the degrader, the nuclei lose an energy ∆E, because of the interaction between
the positive ions and the electrons in the material, given by the non-relativistic
Bethe−Bloch formula:
∆E
E
∝ Z
2
Av2
. (3.5)
Since the B%1 is known, from (3.3) we have v ∝ Z/A and using (3.4) we get:
∆E
E
∝ A
3
Z2
. (3.6)
In such a way, we select the 68Ni nuclei and decrease their energy down to
the desired value of 28 MeV/nucleon. At this point, the beam is sent into a
quadrupole where it is focalized and so the 68Ni reaction beam is ready to be
detected. In Fig.3.7, we show the particles identification made in the E546,
whose setup was the same as the E507 one.
3.2.2 Beam trackers
The detection of the reaction beam 68Ni is done by the two Beam Track Detec-
tors (BTD), as presented schematically in Fig.3.5. They are gas detectors and
provide:
- incident angles and positions on target which are required in order to get
enough angular resolution, since fragmentation beams are broad;
- Time Signal which serves as “Start” signal for the measurement of the particles
Time of Flight (ToF) in MUST2 and S1 detectors (see 3.2.4).
3.2.3 The target and γ-ray detectors
Once our radioactive 68Ni beam is ready, it can be sent on the target. Since
the exotic nuclei which form the beam have to be studied, it is a good practice
to choose simple and well known targets, such as the pure ones made just of
protons, deuterons or α particles, in order to reduce the background. That is
why pure targets should be preferred to the composite ones. However, it is not
easy to create a target made just of protons or deuterons because of practice
reasons due to their gas nature. For example, a target of 1 mg/cm2 of H has a
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Figure 3.7: Left: Particles identification (A/Z,∆E) in the achromatic LISE
spectrometer for the E546 concerning the 34Si and 36S (d,p) transfer reactions.
thickness of 11 cm (at atmospheric pressure and ambient temperature) and this
means that its dimensions are not compatible with the experiment setup ones.
A solution to this problem is given by the cryogenic targets, where the atoms
are cooled. Anyway, in the E507, a composite thin foil of CD2 (Fig.3.5 and
Fig.3.8) was used, even if the presence of the carbon can produce some noise in
the measurements.
At GANIL, there are two kinds of γ-ray detectors:
- the “Chateau de cristal” made of 74 BaF2 crystals which has a very good
efficiency, but a quite low energy resolution;
- the EXOGAM detectors which are composed of high resolution germanium
(Ge) detectors of a “clover” type (Fig.3.8). The Ge detectors are segmented
in four parts. This segmentation allows a better angular resolution and, con-
sequently, a good energy resolution, in spite of the Doppler effect due to the
in-flight emission of the γ-rays.
Figure 3.8: Left: the target. Right: the four EXOGAM γ-ray detectors.
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3.2.4 Light recoil particles detection
The light particles detector MUST2 (Fig.3.4) is a major upgrade of its prede-
cessor MUST. The MUST2 detector covers a solid angle larger than the MUST
one, which means that more reaction channels are available and this, in turn,
implies the need of new electronics which allow to manage all these information.
A MUST2 telescope is composed of three stages (3.9):
• First stage (Si): a double-sided strip silicon detector which constitutes
the entrance side of the telescope. It has a large area (100×100 mm2),
a 300 µm thickness and a high granularity (128 strips for each side) so
that a good angular resolution can be achieved. The strips of the forward
and backward sides are arranged so that the position measurement can
be done. The energy deposed by the impacting particles can be mea-
sured until 60 MeV with a resolution of 40 keV for 5.5 MeV α particles.
So, this stage gives the position, the ToF and the detected energy E for
each particle until 60 MeV and it is thanks to the ToF and E relation
(E∝(1/2)Av2 = (1/2)A(L/ToF )2, L is known) that the particles are iden-
tified. The particles, whose energy is greater than 60 MeV, are stopped
in the second stage;
Figure 3.9: Schematic representation of the three stages of a MUST2 telescope
and of some of their electronic devices.
relation in the Si MUST2 detector (E546).
• Second stage (Si(Li)): this stage is a semiconductor detector made of
two identical detectors, each of them having a 100×50 mm2 surface and a
5 mm thickness. Each detector is segmented in eight 25 mm side squares,
so that they can independently measure the energy deposed by several
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particles at the same time. The particle energy they can measure can
achieve 225 MeV. This time the particle identification is done by using the
relation between the detected energy E and the deposed energy ∆E (3.5).
Analogously to the Si detector case, if the light particles have energies
greater than 225 MeV, they are detected in the third stage;
• Third stage (CsI): it is composed by 16 CsI crystals (inorganic scintil-
lators) of a 2.5×2.5 cm2 surface and a 2 cm thickness. They can detect
particles whose energy reaches 200 MeV. In this stage, such as in the sec-
ond one, the particles identification is done using the relation between the
detected energy E and ∆E.
A great difference between the MUST and the MUST2 telescopes lies in the
employed electronics. The MUST2 telescopes have more than 4000 electronic
channels and their management using individual cables becomes very difficult.
For this reason, the use of the micro-electronics is necessary. In fact, it allows
the employment of integrated circuits and multiplexed lecture of the data. The
MUST2 electronics consists of three distinct units:
- MATE (Must ASIC for Time and Energy);
- the MUFEE (Must Front-End Electronics) card which multiplexes and reads
the data;
-the MUVI (Must in VXI) card which permits to digitize the signals and to
insure the control of the different processing units.
3.2.5 Heavy particles detection
The heavy ions detection is done both in the CF4 gas ionization chamber and in
a scintillating plastic placed at zero degrees with respect to the beam direction.
The scintillating plastic has the property to convert in light the energy ∆E
deposed by the heavy particles while passing though it. The light is brought into
a photomultiplier and then an electronic system allows to determine the quantity
of the energy and its deposition time. Then, always using the (ToF,∆E) and
the (E,∆E) relations, in each of these detectors, the heavy reaction particles
can be identified, as shown in Fig.3.10.
3.3 Perspectives
In the future, at GANIL, there will be studied two neutrons transfer reactions,
such as the 132Sn(t,p), at the new accelerator facility SPIRAL 2, which, thanks
to the cross sections measurements, can allow us to better understand the pairing
correlations and to find, among the theoretical proposed pairing interaction
models, the one which better fits to the observational data.
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Figure 3.10: Heavy particles identification in the ionization chamber in the E540
concerning the 34Si and 36S (d,p) reactions.
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Chapter 4
Two-neutron transfer
between nuclei and pairing
correlations
4.1 Introduction
In Chapter 3, we gave an overview of the inverse kinematics methodology which
allows us to realize direct reactions, such as the transfer ones which are basic to
understand nuclear structure. In fact, single-nucleon transfer is a direct probe of
the single-particle shell structure, while two-nucleon transfer allows to directly
investigate pairing correlations whose experimental evidence is given by facts
such as the spectral differences between the nuclei with odd and even nucleon
number (the odd-even effect), the low-lying 2+ states etc... In particular, we
will focus on the two-neutron transfer (p,t) reactions using the QRPA approach
[see Chap.2] to describe the microscopic nuclear structure and the Distorted
Wave Born Approximation (DWBA) to describe the reaction dynamics.
4.2 DistortedWave Born Approximation (DWBA)
One of our aims is to understand which one of the considered pairing interactions
is the most suitable to describe the superfluid properties in nuclei. This can be
achieved by measuring the cross sections of transfer reactions involving exotic
nuclei, such as the (p,t) ones that we are considering. In fact, the “probability”
for a general reaction a+A−→b+B to occur is given by its total cross section
σtot:
σtot =
∫ (
dσ
dΩ
)
dΩ, (4.1)
where dσ/dΩ is the differential cross section which, in turn, is defined as:
dσ
dΩ
≡ dnb
naNAdΩ
, (4.2)
- nb is the number of scattered particles b per time unit;
- na is the projectile particles number per time unit;
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- NA is the target particles number per surface unit;
- dΩ = sin θdθdϕ is the differential solid angle.
The experimental cross sections can be compared to the theoretical ones that
we calculate in the DWBA which is shown to be appropriate for the reactions
that we are considering, as we are going to describe.
Let us consider the following transfer reaction:
a+ (x+B)︸ ︷︷ ︸
A
−→ (a+ x)︸ ︷︷ ︸
b
+B, (4.3)
where x represents the transferred particle. If we call α the entrance channel
system (a + A) and β the exit channel system (b + B), then the entrance and
exit channel hamiltonians are given by the following expression:
Hα,β = hα,β +Kα,β + Vα,β (4.4)
- hα,β describes the inner nuclear state of the α and β systems respectively;
- Kα,β is the relative kinetic energy of the α or β system;
- Vα,β represents the interaction between the nuclei in the entrance and exit
channels respectively.
Once we have Hα,β , the systems in the entrance and in the exit channels are
described by the solutions, let say Ψ+α and Ψ
−
β , of the respective Schro¨dinger
equations:
(−Eα + hα +Kα + Vα)Ψ(+)α = 0 (4.5)
(−Eβ + hβ +Kβ + Vβ)Ψ(−)β = 0. (4.6)
Furthermore, we define the following waves Φα,β and χα,β so that:
(Eα,β − hα,β −Kα,β)Φα,β = 0 (4.7)
(Eα,β − hα,β −Kα,β − Uα,β)χα,β = 0, (4.8)
where Uα,β represents the elastic scattering interaction in the entrance and exit
channels respectively. There are two kinds of solutions for χα,β : one is given
by a plane wave plus an outgoing scattered wave (χ+α,β) and the other is the
sum of a plane wave and an ingoing scattered wave (χ−α,β). The ingoing and the
outgoing waves are one the time-inverse of the other, namely: χ−α,β(kα,β , rα,β) =
χ+α,β(−kα,β , rα,β)∗, where kα,β , rα,β are the relative momentum and position in
the entrance and the exit channels respectively. Now, we can write the transition
amplitude from the initial state α to the final state β in two equivalent ways
called “prior” or “post” as follows:
Tαβ = 〈χ(−)β Φβ |Vβ − Uβ |Ψ(+)α 〉 (prior) (4.9)
Tαβ = 〈Ψ(−)β |Vα − Uα|χ(+)α Φα〉 (post) (4.10)
The DWBA consists in replacing Ψα,β with χα,βΦα,β . This approximation is
justified if the elastic scattering is the dominant process when the two nuclei
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collide, so that we can treat all the other events as perturbations. The name
DWBA is due to the fact that, as in the Born case, we do an approximation of
the first order in the potential Vα,β − Uα,β , but “distorted-wave” since, instead
of the plane waves, we use the χα,β waves to calculate the transition amplitude.
In fact, the transition amplitude Tαβ between the initial state α and the final
state β of the reaction A(a,b)B is finally given in the DWBA by:
Tαβ =
∫ ∫
χ
(−)
β
∗
(kβ , rβ)〈bB|Vβ − Uβ |aA〉χ(+)α (kα, rα)drαdrβ , (4.11)
where 〈bB|VbB − UbB |aA〉 contains the nuclear structure information and is
called transition potential. It contains the form factor of the transition. So,
once the kinematic conditions are fixed and the transition amplitudes are given,
the differential cross section dσ/dΩ is:
dσ
dΩ
=
µαµβ
(2pih¯2)2
kβ
kα
1
2SA + 1
1
2Sa + 1
∑
mα,mβ
|Tαβ |2. (4.12)
- µα and µβ are the reduced masses of the entrance and exit channels respec-
tively, as well as kα and kβ are the respective momenta;
- Sa and SA are the spins of the reaction particles a and A;
- mα and mβ are the spin projections of the colliding particles.
Since we are interested in 124Sn(p,t)122Sn and 136Sn(p,t)134Sn transfer reactions
and the form factors are given by the QRPA theory (see Chapter 2), once the
potential describing the scattering is given (or optical potential), we can get the
theoretical cross sections 1 we are interested in and, eventually, compare them
with the experimental ones.
4.3 Optical Potentials
The optical model potential is used to describe the interaction of a projectile
nucleus with the ensemble of the A nucleons of a target.
There are two different methods to find the optical potential:
- folding-model : the potential is constructed microscopically by convoluting the
fundamental nucleon-nucleon interaction with the nuclear density;
- phenomenological-model : in this case (the one we used), the optical potential
V (r) is constructed following a semi-empiric method which consists in fitting
the potential parameters over the experimental scattering data. The potential
parameters depend both on the laboratory frame energy E of the projectile and
on the number of the target nucleons A. Whenever inelastic processes take place,
such as the transfer reactions, or when absorption or emission occur, V (r) is
written with a complex part W (r) and a real part U(r), which describes elastic
scattering and gives the distorted waves in the DWBA:
V (r) = U(r) + iW (r). (4.13)
The introduction of the complex potential accounts for the average effects of the
inelastic scattering processes and is analogous to the introduction of a complex
1We calculate the theoretical cross-sections in the DWBA using the Distorted Waves
University of Colorado Kunz 4 (DWUCK4) code.
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refraction index used to describe the propagation of light (analogous to the
projectile) through an absorbing medium (analogous to the target) and thus
the name optical potential.
The general expression of the phenomenological optical potentials V = U + iW
is:
U(r) = −URf(r,RR, aR)︸ ︷︷ ︸
central
+USOσ · l
(
λpi
2pi
)2 1
r
d
dr
f(r,RSO, aSO)︸ ︷︷ ︸
spin−orbit
+ UC︸︷︷︸
Coulomb
(4.14)
and
W (r) = −WV f(r,R′I , a
′
I)︸ ︷︷ ︸
volume
+WS4aI
d
dr
f(r,RI , aI)︸ ︷︷ ︸
surface
, (4.15)
where:
- f(r,R, a) = [1 + exp(r − R)/a]−1 is the Woods-Saxon potential form (the
potential range R and the diffuseness parameter a are adjusted over the exper-
imental data). The presence of such a term is due to the fact that we expect
the radial dependence of the optical potential to follow the density distribution
in a nucleus, since the range of nuclear force is short.
- UR, USO, WV and WS are the strength interaction terms to be adjusted over
the experimental data. Notice that, the volume term, such as the central term,
accounts for the dependence of the interaction on the distribution of the matter
in the whole target nucleus and thus the name.
- σ and l are the relative spin and the orbital angular momentum of the incident
nucleus respectively. In fact, we know that when a nucleon is scattered from
a nucleus, the result is sensitive to the relative orientation of the nucleon spin
before and after the interaction.
- λpi2pi'1.41 fm is the pion Compton wavelength;
- UC is the Coulomb potential of a uniformly charged sphere with radius r:
UC =

Zze2
2RC
(
3− r2
R2
C
)
, r≤RC
Zze2
r , r≥RC
where RC is defined as the charge radius of the two interacting nuclei whose
charges are Z and z respectively [11].
Since we are interested in (p,t) reactions, we use two different optical potentials
to describe the interaction of the proton (entrance channel) and of the triton
(exit channel) with the tin isotopes, as it will be briefly described in the next
two paragraphs.
Entrance channel optical potential The parameters that we use to de-
scribe the interaction of the proton with the 124Sn and the 136Sn were obtained
[25] in order to represent elastic scattering of protons (with a laboratory energy
Ep < 50 MeV) by nuclei having a mass number A>40. The optical potential
contains isospin and energy dependent coefficients that were directly obtained
by data analysis.
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Exit channel optical potential The optical potential parameters that we
use in the exit channel [26] were obtained using experimental data concerning
the elastic scattering distributions involving the triton. These parameters can
reproduce data concerning the reactions of triton (projectile with an energy Ep
below 40 MeV in the laboratory frame) with target nuclei ranging from 48Ca to
232Th, as well as from 27Al to 19F.
Since we want to compare our theoretical cross sections of 124Sn(p,t)122Sn and
136Sn(p,t)134Sn transfer reactions to the experimental ones, we calculate the
ratios between the total cross section of the ground state and the one of the
first excited state in the two-neutrons 0+ subtraction mode given by the QRPA
approach (see [22]). These ratios can directly be compared to the respective
measured ones and so we can see which pairing interaction is in better agreement
with the observations and, consequently, is the better interaction. We decided
to perform calculations concerning the surface (x = 1) and mixed (x = 0.35,
and x = 0.65) interactions (see Chap.2). To do this, we need the form factors
which are obtained as it will be explained in the next section.
4.4 The microscopic QRPA form factors
In Chap.2, we saw that one of the advantages of the QRPA approach is that it
allows to calculate the probability of a nucleus with A nucleons to transit in the
state with A+2 or A-2 nucleons. Since we are considering (p,t) reactions, the
transition density we are interested in is (2.21):
δκ
′
= 〈0|c+(rσ)c+(rσ¯)|0′〉, (4.16)
where |0〉 is the Sn ground state with A nucleons, |0′〉 is the transition Sn state
with A-2 nucleons while c+(rσ) is the creation operator in the coordinate space
and c+(rσ¯) = −2σc+(r− σ) is its time reversed counterpart.
In general, the form factor for the two-particle transfer reactions is obtained
by folding the two-neutron transition density given by δκ
′
with the interaction
acting between the transferred particles and the residual fragment, but we use
a delta interaction between the pair and the residual fragment (DWBA zero-
range approximation), meaning that the pair transfer density δκ
′
exactly is the
form factor of the (p,t) reaction we are interested in. We point out that, in
the zero-range approximation the shape of the angular distribution is well de-
scribed, but not the absolute values of the total cross-sections, which generally
are a lot underestimated. Anyway, we want to compare the total cross section
of the ground state transition with the first 0+ excited state one by calculating
their ratios so that we can avoid the problem of the normalizing constant.
In Tab.4.1 and Tab.4.2 we represent the energy values of the peaks given by
the QRPA response functions (see Fig.2.4 and Fig.2.5) and used to calculate
the corresponding form factors for the ground state and first excited state tran-
sitions for each kind of the (p,t) reactions of interest2. Notice that, for both
reactions, the energy difference (∆(E)) between the ground state and the first
excited state transition is sensitive to the pairing interaction. On one hand, we
have that the ∆(E) for the x = 1 interaction is quite different from the ∆(E)
2While doing the calculations, the ground state transition energies are set to zero and the
first excited state transition energies are shifted consequently.
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of the x = 0.35 and x = 0.65 interactions. On the other hand, as expected, the
∆(E) of the mixed interactions are similar, even if with measurable differences.
So, the comparison between the theoretical ∆(E) and the experimental ones is
another way which could help us to constrain the pairing interaction.
In Fig.4.3 and Fig.4.4, we show (in logarithmic scale) the form factors for each
(p,t) considered transition and for all the different considered pairing interac-
tions. Notice that the asymptotic behavior of the form factors is reproduced as
expected, since there is an exponential decrease of the nuclear transition den-
sity. We also extended the form factors over the 22.5 fm size box used for the
QRPA calculations in order not to loose information while calculating the cross
sections with the DWUCK4 code. In fact, we checked that the calculations are
stable if the ratio between the highest value of the form factor and the lowest
value is of the order of 105-106, meaning that we extended the form factors until
(50-60) fm. This confirms that the transfer reactions are very sensitive to what
happens around the surface of the nuclei, while the neutron pair is transferred
from a nucleus to the other.
As we have already noticed while discussing the QRPA response functions (see
2.2.4), in the case of the 136Sn(p,t)134Sn (Fig.4.2), the shapes of the form factors
are very similar for all the three different pairing interactions. Furthermore, for
the mixed interactions (x = 0.35 and x = 0.65) also the response amplitudes are
almost the same. This means that we expect to find similar cross sections, but
seeing that there are valuable differences between the pure surface interaction
and the mixed ones, we can nevertheless disentangle among them, once we have
calculated the total cross sections.
In the 124Sn(p,t)122Sn form factors (Fig.4.1.) we can well appreciate the differ-
ences between the pure surface interaction and the mixed interactions, above
all in what concerns the transition to the first excited state (second peak in the
QRPA response in Fig.2.4).
Once again, as we expect from the QRPA response, the differences between the
two mixed interactions are not so evident, this may be due to the fact that
the pairing interaction, as we have already argued, is thought to be important
almost in the surface regions of the nuclei. Thus, it seems that if we consider
mixed interactions, that is the pairing interaction is wide spread in all the nu-
cleus and there is not a preferred region for the pairing to come as in the pure
surface case, the system reacts in the same way even if the mixed interactions
are different. It is also interesting to remark that in the case of the ground
state form factor of the 136Sn(p,t)134Sn reaction, differently from the one of the
124Sn(p,t)122Sn, the transition amplitude is more important around the surface
region (4-6) fm. This may be is due to the fact that the 136Sn is more exotic
than the 124Sn and thus it has a larger neutron skin consisting of low density
neutron rich matter, so that the pairing properties are emphasized around the
nuclear surface (5-6) fm.
4.5 QRPA and DWBA cross sections
Once we have the form factors and the optical potentials, we can perform the
DWBA calculations for the 124Sn(p,t)122Sn and the 136Sn(p,t)134Sn reactions,
where a two neutron pair having an angular momentum l = 0 is transferred
from a nucleus to another.
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x 1 0.35 0.65
Egs (MeV) 4.43 3.11 3.32
E0+2 (MeV) 5.46 5.79 5.72
∆(E) 1.03 2.68 2.4
Table 4.1: Energies of the first peak (Egs) and the second peak (E0+2 ) given by
the QRPA response (see Fig.2.4) for each kind of pairing interaction (x=1, 0.35,
0.65) and for the 124Sn(p,t)122Sn reaction.
Figure 4.1: The form factors of the 124Sn(p,t)122Sn for the transition to the
ground state (left) and to the first 0+ excited state (right).
x 1 0.35 0.65
Egs(MeV) 8.73 8.11 8.19
E0+2 (MeV) 13.57 14.03 13.95
∆(E) 4.84 5.92 5.76
Table 4.2: Energies of the first peak (Egs) and the second peak (E0+2 ) given by
the QRPA response (see Fig.2.5) for each kind of pairing interaction (x=1, 0.35,
0.65) and for the 136Sn(p,t)134Sn reaction.
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Figure 4.2: The form factors of the 136Sn(p,t)134Sn for the transition to the
ground state (left) and to the first 0+ excited state (right).
Figure 4.3: Original form factors (in logarithmic scale) as given by the QRPA
(solid lines) and extrapolated ones (dashed lines) for the 124Sn(p,t)122Sn. On
the left, there is the gs→gs transition, while on the right there is the gs→0+2
transition.
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Figure 4.4: Original form factors (in logarithmic scale) as given by the QRPA
(solid lines) and extrapolated ones (dashed lines) for the 136Sn(p,t)134Sn. On
the left, there is the gs→gs transition, while on the right there is the gs→0+2
transition.
We calculate gs→gs and gs→0+2 transitions for each of the considered pairing
interactions, while varying the incident proton energy Ep, as shown in the next
two paragraphs.
124Sn(p,t)122Sn In Fig.4.5, we show the DWBA differential cross sections for
the gs transition, where the energy release during the reaction is Q0 = −5.95
MeV, and the 1st 0+ transition for each kind of the pairing interactions (x=1,
0.35, 0.65) at different Ep. As we can see, at the lowest energies the curves
do not have the typical shape of the l=0 transferred momentum (dσ/dω ∝
|sen(θCM )/θCM |2). This means that at these energies the reaction is a sub-
coulombian one. In Tab.4.3, we summarize the theoretical total cross section
ratios (CSgs→gs/CSgs→0+2 ) for θCM ∈ [0, 70] deg. Because of the form factor
behaviors (see Fig.4.1), there is little difference between the x = 0.35 and the
x = 0.65 results, but there are significant differences between the pure surface
interaction and the mixed cases (see also Fig.4.6).
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Figure 4.5: Differential cross sections in the center of mass frame (θCM ) for
the 124Sn(p,t)122Sn reaction for the transition to the ground state (left) and to
the first 0+ excited state (right). We consider each kind of pairing interaction
(x=1,0.35,0.65), while varying the incident proton energy (Ep) in the laboratory
frame.
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x 1 0.35 0.65
10 MeV 1.19·103 2.38 ·105 6.75·104
15 MeV 2.36·10−1 1.42 8.14·10−1
20 MeV 2.77·10−1 1.65 ·10−1 2.42·10−1
25 MeV 2.17 4.09 5.80
30 MeV 1.78 4.08 4.89
35 MeV 1.43 2.84 3.44
Table 4.3: 124Sn(p,t)122Sn total cross section ratios of the ground state over
the first excited state (θ ∈ [0, 70] deg) for each kind of the pairing interaction
(x=1,0.35,0.65) and for incident proton energies ranging from 10 MeV to 35
MeV.
Figure 4.6: Behavior of the cross section ratios (see Tab.4.3) for the
124Sn(p,t)122Sn reaction. Note that the do not represent the ratio at 10 MeV.
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136Sn(p,t)134Sn For the 136Sn(p,t)134Sn reaction (Q0 = 2.64 MeV) we per-
form the differential cross section calculations for the transitions gs→gs and
gs→0+2 (Fig.4.7), as in the 124Sn(p,t)122Sn case. Once again, at the lowest en-
ergies, in particular at Ep = 10 MeV, the differential cross sections do not show
the typical behavior of the two-neutron transferred pair momentum (l=0), as it
happens for the higher values of Ep where the diffraction like angular distribu-
tions are evident. Furthermore, the form factors (see Fig.4.2) are very similar
the one to each other for each kind of pairing interaction, both for the gs→gs
and gs→0+2 transitions. This means that it would be quite difficult to disentan-
gle between the three proposed pairing interactions (see Tab.4.4 and Fig.4.8).
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Figure 4.7: Differential cross sections in the center of mass frame (θCM ) for
the 136Sn(p,t)134Sn reaction for the transition to the ground state (left) and to
the first 0+ excited state (right). We consider each kind of pairing interaction
(x=1,0.35,0.65), while varying the incident proton energy (Ep) in the laboratory
frame.
x 1 0.35 0.65
10 MeV 6.0·10−2 5.56·10−2 5.78·10−2
15 MeV 6.5 3.85 4.4
20 MeV 6.4 5.24 5.91
25 MeV 4.56 4.12 4.59
30 MeV 3.12 2.77 3.03
35 MeV 1.45 1.48 1.62
Table 4.4: 136Sn(p,t)134Sn total cross section ratios of the ground state over
the first excited state (θ ∈ [0, 70] deg) for each kind of the pairing interaction
(x=1,0.35,0.65) and for incident proton energies ranging from 10 MeV to 35
MeV.
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Figure 4.8: Behavior of the cross section ratios (see Tab.4.4) for the
136Sn(p,t)134Sn reaction. Note that we do not represent the ratio at 10 MeV.
4.6 Comparison to experimental data
At the present, the 136Sn(p,t)134Sn reaction has not yet been experimentally
studied, because of the difficulty to make beams with exotic nuclei such as the
136Sn, which have short life-time. On the contrary, the 124Sn(p,t)122Sn reaction
with the stable 124Sn has been various times experimentally realized and we
compare our theoretical results with the experimental ones given in [30] and [31].
In Fig.4.9, we compare our theoretical differential cross section shapes with the
experimental data concerning the 124Sn(p,t)122Sn reaction. The calculations
given by the zero-range DWBA approximation are multiplied by the α factor,
since, as we have already remarked, our cross sections give not the absolute
values.
On the left, the incident proton energy Ep is 20 MeV and it concerns the ground
state transition of the 124Sn to the ground state of 122Sn (gs→gs) [31]. As we can
see, the shape is well produced by all the interactions, especially for θCM ≤ 45
deg. So, we can say that our theoretical calculations are in good agreement with
experimental data at least in what concerns the shape.
On the right of the same figure, we compare the data concerning the transition
from the ground state to the first 0+ excited state (gs→0+2 ) with an incident
proton energy Ep = 34.9 MeV [30]. This time, there is a worse agreement
between our calculations and the experimental data. We also compared our total
cross sections at Ep = 20 MeV and θCM ∈ [0.50] deg for the 124Sn(p,t)122Sn
reaction to the experimental ones given in [31], where the gs→gs transition is
measured to be 27± 16 times greater than the gs→0+2 transition. This result is
very different from the theoretical ones we obtain which are similar to those in
68
Tab.4.3. This is due to the fact that the Q of the reaction is very negative and we
verified that our calculations at Ep = 20 MeV depend very much on it, since the
energy of the beam is not high enough. In fact, in Fig.4.6, we can see that there is
a sudden drop of the cross section ratios at Ep = 20 MeV, differently from what
happens for higher values of the incident energy Ep. So, we conclude that we can
not reliably compare our theoretical cross sections with the experimental ones.
The same problem happens in the case of the 136Sn(p,t)134Sn, but this time, as
expected for a lower energy of the incident beam (at Ep = 10 MeV), since the Q
of the reaction is higher. This means that, at Ep = 10 MeV, our theoretical cross
sections for the 136Sn(p,t)134Sn can not be compared to experimental data. We
also notice that for incident energies higher than Ep = 10 MeV, the behaviour
of the cross section ratios is “smooth” as expected (see Fig.4.8) and thus our
theoretical results could reliably be compared with next future experimental
data concering the 136Sn(p,t)134Sn reaction. Thus, we conclude that when we
have to prepare a beam for an experiment we should choose an incident energy
which maximizes the differences among the cross section ratios given by the
different pairing interactions and, at the same time, we should pay attention so
that our cross section ratios do not depend very much on the Q value of the
reaction.
Figure 4.9: Left: Comparison of the experimental data concerning the
124Sn(p,t)122Sn reaction for the transition to the ground state and the theo-
retical ones calculated in the QRPA approach with different pairing interactions
and with an incident proton energy (Ep = 20 MeV). Right: The same as in the
left, but the transition is from the ground state to the first excited 0+ state and
Ep=34.9 MeV.
4.7 Conclusions
In this chapter, we studied the superfluid properties in the nuclei thanks to
the two neutron transfer reactions in the tin isotopes (124Sn(p,t)122Sn and
136Sn(p,t)134Sn). We described the pairing interaction with three different den-
sity dependent delta interactions: the pure surface interaction (x = 1) and two
mixed interactions (x = 0.35 and x = 0.65). We used the QRPA approach
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to describe the transition probability from a nucleus to another, which in the
zero-range DWBA coincides with the form factor of the reaction. We calculated
the cross sections of the former reactions with different incident proton energy
Ep ranging from 10 MeV to 35 MeV. For the 124Sn(p,t)122Sn reaction exper-
imental data already exist and we compared our theoretical calculations with
the experimental ones given in [31]. We obtain a good agreement between our
calculations and the data in what concerns the shapes of the differential cross
sections, but the relative theoretical ratios (gs→gs/gs→0+2 ) are very different
from the measured ones (they differ of about two orders of magnitude). This is
due to the fact that, at Ep = 20 MeV, the Q of the reaction is very negative
and the energy of the beam is not high enough so that we can have reliable the-
oretical cross sections. So, we can say that the experimental data confirm the
validity of QRPA approach to describe the nuclear structure, since the general
behavior of the angular distributions is well reproduced. It would be interesting
to do the same calculations using other kinds of pairing interactions, such as the
isoscalar and isovector ones (f IS+IVMS , f
IS+IV
Y ) we described in Chap.2 and see
if there is a better agreement between theoretical calculations and experimental
data.
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Conclusions
During my training period at the Institut de Physique Nucle´aire d’Orsay and
then at the Physics Department “Enrico Fermi” at the Pisa University, I had
the opportunity to further study nuclear astrophysics, since I was involved in
research projects concerning the study of the relation between nuclear physics
and astrophysics from a theoretical and from an experimental point of view,
thanks to the link between the neutron stars, which can be seen as a kind of
“mega-nuclei”, and finite nuclei.
In what concerns theory, we first solved the Tolman-Oppenheimer-Volkoff sys-
tem which gives the general relativistic hydrostatic equilibrium equations of the
neutron stars, using two different equations of states (Friedman-Panharipande-
Skyrme (FPS) and Skyrme-Lyon (SLy)). Then, we focused on both the study
of the nuclei where pairing correlations are not important such as 16O (using
the Hartree-Fock (HF) approximation) and on nuclei where superfluid proper-
ties have a key role (performing Hartree-Fock-Bogoliubov (HFB) calculations),
such as the tin isotopes. We also studied the pairing gap in infinite (symmetric,
asymmetric and pure neutron) nuclear matter (performing Bardeen-Cooper-
Schrieffer (BCS) calculations) and in the inner crust of the neutron stars. In
what concerns the neutron stars, the superfluidity influences the “glitches” and
the cooling time of the inner crust, while in nuclei superfluidity, which is anal-
ogous to superconductivity in metals due to the Cooper pairs, accounts for
observed phenomena such as the even-odd staggering effect. Pairing correla-
tions in nuclear matter are described by the pairing interaction and we worked
with different phenomenological and effective “Density Dependent Delta Inter-
actions” (DDDI) of “isoscalar” or “isovector” type, whose parameters are fitted
in order to reproduce some properties of infinite nuclear matter or finite nuclei.
We saw how does the pairing gap of the nucleons change according to which
interaction we consider. We also calculated the pairing gap in the neutron stars
inner crust where the unbound neutrons, which are described by the Negele
and Vautherin model, can be approximated with infinite nuclear matter made
of neutrons. Then, we also performed Local Density Approximation (LDA) cal-
culations for the tin isotopes (from N=44 to N=110) which consists in treating
the nuclei locally as if they were infinite nuclear matter, that is LDA allows to
see for which nuclei and for which kind of pairing interaction there is a better
agreement between the HFB and the BCS approximations.
The experimental part of my training period concerns my participation to an
experiment at GANIL 3 in Caen (France) where I got a brief introduction to
the study of the methodologies (direct reactions in inverse kinematics) and the
3Grand Acce´le´rateur National d’Ions Lourds, that is Great Heavy Ion National Accelerator
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experimental setups and detectors, such as the MUST2 detector, which are
used to study the reactions with exotic beams. The pairing interaction can
be explored performing transfer reactions with exotic beams, such as the Sn
isotopes. For this reason, in the last part of my thesis, we studied from a
theoretical point of view the 124Sn(p,t)122Sn and 136Sn(p,t)134Sn two-neutron
transfer reactions. Thus, we calculated theoretical cross sections (CS) in the
one-step zero-range Distorted-Wave-Born-Approximation (DWBA) theory and
using global optical phenomenological potentials both in the entrance and in
the exit channels. The form factors of the reactions were obtained performing
calculations in the Quasi-particle-Random-Phase-Approximation (QRPA) the-
ory, which well describes the dynamic properties of nuclei. We used different
values for the incident proton energy Ep, ranging from 10 MeV to 35 MeV
and we considered for both the reactions of interest the following transitions
gs→gs and gs→0+2 for each Ep. Since experimental cross sections concerning
the 124Sn(p,t)122Sn reaction already exist at Ep=20 MeV (for gs→gs) and at
Ep=34.9 MeV (for gs→0+2 ), we compared our theoretical results with the exper-
imental ones and we noticed that our interactions well reproduce the minima
of the diffraction figure of the differential cross sections. Our code does not
provide absolute cross sections, so we calculate the following theoretical ratio
CSgs→gs/CSgs→0+2 and we compare it to the experimental one, but we do not
obtain a good agreement. This is due to the fact that, at 20 MeV, the en-
ergy of the beam is not high enough and so the cross sections become very
dependent on the Q of the reaction and this does not allow us to compare our
theoretical results with the experimental data. On the contrary, the reaction
136Sn(p,t)134Sn has not yet been experimentally studied, but our calculations, in
this case, show that we can disentangle between the “surface” and the “mixed”
interactions simply looking at the shape of the diffraction figure of the differen-
tial cross section. Another interesting result is that, only at around Ep=15 MeV
there are important differences among the CSgs→gs/CSgs→0+2 ratios given by
the different pairing interactions. This means that if we want to experimentally
explore the pairing interaction with very exotic Sn isotopes we should choose
energies around 15 MeV and this is very important since today facilities do not
achieve higher energies. We therefore indicate as good candidates to constrain
the pairing interaction (p,t) or (t,p) reactions with very neutron rich tin isotopes
and energies around 15 MeV. Very next future research projects, such as the
one involving the SPIRAL2 facility, are planning to study this kind of transfer
reactions and they will help us to better constrain the pairing interaction and,
consequently, better understand the superfluid properties in nuclear matter be-
ginning with the microscopic world of nuclei and going until the macroscopic
world of the stars.
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